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The a d v e n t  o f  t h i n  w a l l e d  s t r u c t u r a l  c o m p r e s s i o n  
members h i g h - l i g h t e d  t h e  r e s e r v o i r  o f  s t r e n g t h  w h ic h  
e x i s t s  beyond t h e  i n i t i a t i o n  o f  a  s t a t e  o f  e l a s t i c  
i n s t a b i l i t y  i n  t h i n  f l a t  r e c t a n g u l a r  p l a t e s  l o a d e d  i n  
l e n g t h w i s e  c o m p r e s s io n *  The e v a l u a t i o n  o f  t h i s  p o s t -  
c r i t i c a l  s t r e n g t h  g e n e r a l l y  c a l l e d  *®maximum” s t r e n g t h  
h a s  b e e n  a t t e m p t e d  on a  v a r i e t y  o f  s e m i - e m p i r i c a l  b a s e s  
and  i n  a  few c a s e s  on p u r e l y  t h e o r e t i c a l  g ro u n d s*
The t h e s i s  p r e s e n t s  a  t h e o r e t i c a l  t r e a t m e n t  
f o r  t h e  maximum s t r e n g t h  o f  f l a t  p l a t e s ,  d e v e l o p e d  by 
t h e  a u t h o r ,  u s i n g  t h e  c o n c e p t s  o f  t h e  c l a s s i c a l  l a r g e  
d e f l e c t i o n  t h e o r y  o f  p l a t e s  and t h e  d e f o r m a t i o n  t h e o r y  
o f  p l a s t i c i t y *  A v a r i e t y  o f  u n l o a d e d  edge  c o n d i t i o n s  
r a n g i n g  f rom  f r e e  t h r o u g h  e l a s t i c a l l y  f i x e d  t o  b u i l t - i n  
c o n d i t i o n s  and t h e i r  s y m m e t r i c a l  and  u n s y m m e t r i c a l  
c o m b i n a t i o n s  a r e  c o n s i d e r e d *  T h i s  t h e o r y ,  d e v e l o p e d  
f o r  s i n g l e  p l a t e s  i s  t h e n  a p p l i e d  b y  th e  i n t r o d u c t i o n  
o f  a p p r o p r i a t e  a s s u m p t i o n s  t o  t h e  a s s e s s m e n t  o f  t h e  
maximum s t r e n g t h  o f  s t r u c t u r a l  s e c t i o n s  r e g a r d e d  a s  a n  
a s s e m b ly  o f  s u c h  p l a t e s *  C o m p u ta t i o n s  c o n n e c t e d  w i t h  
t h e  t h e o r y  w ere  programmed and c a r r i e d  o u t  by t h e  a u t h o r  
on  a  ”DEUGE” d i g i t a l  com pu te r*
To c h e c k  t h e  r e s u l t s  o f  t h e  t h e o r y  a n  e x t e n s i v e  
e x p e r i m e n t a l  programme c o v e r i n g  t h e  m e a s u r e m e n t s  o f  
s t r a i n s  and  d e f o r m a t i o n s  c o r r e s p o n d i n g  t o  t h e  i n i t i a t i o n  
o f  i n s t a b i l i t y  and  p r o g r e s s  t o  c o l l a p s e  w as  c a r r i e d  ou t*  
I n  c o n n e c t i o n  w i t h  t h e  e x p e r i m e n t a l  programme a n  o r i g i n a l  
a p p l i c a t i o n  o f  t h e  M oire  f r i n g e  t e c h n i q u e  was d e v e l o p e d
by t h e  a u t h o r  f o r  t h e  d e t e r m i n a t i o n  o f  d e f l e c t i o n  v a r i a t i o n s  
F o l l o w i n g  a n  i n t r o d u c t o r y  r e v i e w  o f  t h e  r e l e v a n t  
p u b l i s h e d  l i t e r a t u r e 5, t h e  s u b j e c t  m a t t e r  o f  t h e  t h e s i s  
i s  d i v i d e d  i n t o  s i x  S e c t i o n s #
S e c t i o n  1 p r e s e n t s  t h e  d e r i v a t i o n  o f  t h e  b a s i c  l a r g e  
d e f l e c t i o n  e q u a t i o n s  by m i n i m i z a t i o n  o f  t h e  e n e r g y  
i n t e g r a l  e f f e c t e d  by  th e  u s e  o f  E u l e r ’ s e q u a t i o n s ,  and  a  
p r o c e d u r e  f o r  t h e  a p p r o x i m a t e  s o l u t i o n  o f  t h e  l a r g e  
d e f l e c t i o n  e q u a t i o n  by G a l e r k i n ’ s method* T h i s  e n e r g y  
a p p r o a c h  t o  t h e  p ro b le m  c o n s i d e r e d ,  and  t h e  g e n e r a l i s a t i o n  
o f  E u l e r ’ s e q u a t i o n s  f o r  two v a r i a b l e s  w i t h  h i g h e r  
d e r i v a t i v e s  p u t  f o r w a r d  i n  t h i s  t h e s i s  i s ,  t o  t h e  
a u t h o r ’ s k n o w le d g e ,  o r i g i n a l #
I n  S e c t i o n 2  t h e  a p p r o x i m a t e  s o l u t i o n s  o f  th e  l a r g e  
d e f l e c t i o n  e q u a t i o n s  and t h e  r e s u l t s  o f  e l a s t i c  c r i t i c a l  
l o a d s  o b t a i n e d  t h e r e b y  f o r  two g e n e r a l  c a s e s  o f  p l a t e s  
a r e  p r e s e n t e d *  These a r e  t h e n  compared  w i t h  o t h e r  
a v a i l a b l e  p u b l i s h e d  r e s u l t s  o b t a i n e d  by  c l a s s i c a l  
methods*  The c o m p a r i s o n s  show e x c e l l e n t  a g re e m e n t*
S e c t i o n  3 p r e s e n t s  a n  a n a l y t i c a l  m ethod  f o r  t h e  
maximum l o a d  c a r r i e d  by  c o m p re s s e d  p l a t e s ,  b a s e d  on  th e  
a p p l i c a t i o n  o f  t h e  d e f o r m a t i o n  t h e o r y  o f  p l a s t i c i t y  
to  t h e  p l a t e s  a n a l y s e d  by  means o f  t h e  l a r g e  d e f l e c t i o n  
c o n c e p t*  The a p p l i c a t i o n  o f  t h i s  m ethod  o f  a n a l y s i s  
t o  t h e  e v a l u a t i o n  o f  t h e  maximum l o a d  f o r  p l a t e s  w i t h  
f r e e / a n d / o r  e l a s t i c a l l y  s u p p o r t e d  u n l o a d e d  e d g e s  i s  t o  
th e  a u t h o r ’ s know ledge  p r e s e n t e d  h e r e  f o r  t h e  f i r s t  t ime*
I n  S e c t i o n  k t h e  r e s u l t s  o b t a i n e d  f o r  s i n g l e  p l a t e s  
have  b e e n  a p p l i e d  t o  e v a l u a t e  th e  l o c a l  i n s t a b i l i t y  and
maximum s t r e s s e s  f o r  box s e c t i o n s ,  l i p p e d  c h a n n e l s  and 
p l a i n  c h a n n e l s *
The e x p e r i m e n t a l  work p e r f o r m e d  i s  p r e s e n t e d  i n  
S e c t i o n  5* T h i s  c o v e r s  t e s t s  i n  u n i f o r m  c o m p r e s s i o n  
o f  p l a i n  an d  l i p p e d  c h a n n e l ,  s q u a r e  t u b e  and  e q u a l  a n g l e  
s e c t i o n s *  I n  a d d i t i o n  t o  t h e  r e s u l t s  o f  t h e  a c t u a l  
t e s t s ,  t h e  v a r i o u s  a u x i l i a r y  t e c h n i q u e s  s u c h  a s  a n  
o r i g i n a l  a p p l i c a t i o n  o f  t h e  M oire  f r i n g e  m ethod  a r e  
f u l l y  d e s c r i b e d *
The m e c h a n i c a l  p r o p e r t i e s  i n c l u s i v e  o f  t e n s i l e  
and  c o m p r e s s i v e  y i e l d ,  Young’ s Modulus  E a t  z e r o  and 
v a r y i h g  mean s t r e s s ,  h ave  b e e n  e v a l u a t e d  f o r  a l l  t h e  
sp e c im e n s  u s e d  and a r e  p r e s e n t e d  i n  f u l l *
S e c t i o n  6  c o n t a i n s  t h e  c o m p a r i s o n  o f  t h e  
t h e o r e t i c a l  and  e x p e r i m e n t a l  r e s u l t s  w i t h  a  r e l e v a n t  
c r i t i c a l  d i s c u s s i o n *
The m a in  t e s t  c o n c l u d e s  w i t h  a  Summary i n d i c a t i n g  
t h a t  g e n e r a l l y  good a g r e e m e n t  h a s  b e e n  o b t a i n e d  b e tw e e n  
t h e  t h e o r y  and  th e  e x p e r i m e n t s ,  e s t a b l i s h i n g  t h e  . 
f o r m e r  a s  a  r a t i o n a l  and  r e l i a b l e  a n a l y s i s  f o r  t h e  
maximum s t r e n g t h  i n  c o m p r e s s i o n - o f  s i n g l e - p l a t e s  and 
s t r u c t u r a l  s e c t i o n s *
T h i s  i s  f o l l o w e d  by 7 A p p e n d i c e s  and an  e x t e n s i v e  
B i b l i o g r a p h y *  The A p p e n d ic e s  c o n t a i n  t h o s e  d e t a i l s  
o f  t h e  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  i n v e s t i g a t i o n s  w hich  
have  b e e n  c o n s i d e r e d  t o o  b u l k y  f o r  i n c l u s i o n  i n  t h e  m a in  
t e s t *
DEFINITION OF SYMBOLS *
The f o l l o w i n g  sym bo ls  a r e  u se d  t h r o u g h o u t  t h e  
t e x t *  Any a d d i t i o n a l  sym bols  a r e  d e f i n e d  where  t h e y  
f i r s t  a p p e a r s
% ,  ^ Z   --------------  R e c t a n g u l a r  c o - o r d i n a t e s  *
U , IT --------- ;-----  Components  o f  d i s p l a c e m e n t s  i n
%. , and  z  d i r e c t i o n s *
-^---- Normal f o r c e s  p e r  u n i t  l e n g t h
i n  t h e  m id d le  p l a n e  o f  t h e  p l a t e  
i n  t h e  x  and ^  d i r e c t i o n s *
N x^----------- ---------------  S h e a r i n g  f o r c e  i n  d i r e c t i o n  o f  y -
a x i s  p e r  u n i t  l e n g t h  o f  s e c t i o n  
o f  a  p l a t e  p e r p e n d i c u l a r  t o  x -  
a x i s o
'-------------— B e n d in g  moments p e r  u n i t  l e n g t h
o f  s e c t i o n s  o f  a  p l a t e  p e r p e n d i c u l a r  
t o  t h e  X.- and a x e s  r e s p e c t i v e l y -
  -------  T w i s t i n g  moment p e r  u n i t  l e n g t h  o f
a  s e c t i o n  o f  a  p l a t e  p e r p e n d i c u l a r  
t o  X -  a x i s *
--------------- S h e a r i n g  f o r c e s  p a r a l l e l  t o  t h e
a x i s  p e r  u n i t  l e n g t h  o f  s e c t i o n s  o f  
a  p l a t e  p e r p e n d i c u l a r  to  x -  and  
a x e s  r e s p e c t i v e l y *
El ----------------Modulus  o f  e l a s t i c i t y  i n  t e n s i o n
and  c o m p r e s s io n *
V--------------- - -------------- P o i s s o n ’ s r a t i o *
-îx ----------------L e n g t h ,  w i d t h  and  t h i c k n e s s  o f  a
p l a t e #
--------------- F l e x u r a l  r i g i d i t y  o f  a  p l a t e *
^ ---------------- Number o f  s i n u s o i d a l  h a l f  waves*
0~" ----------------‘D i r e c t  s t r e s s *
T  ----------------S h e a r i n g  s t r e s s *
€  --------------- D i r e c t  s t r a i n *
y  ----------------S h e a r i n g  s t r a i n *
F    :--------- A i r y ’ s S t r e s s  F u n c t io n *
---------------- C r i t i c a l  b u c k l i n g  s t r e s s
p a r a l l e l  t o  a x i s *
 ------------- - Maximum s t r e s s  p a r a l l e l  t o
X -  a x i s *
(\ieQa------------- ---------------Y i e l d  p o i n t  s t r e s s *
The S e c t i o n s 9- S u b - s e c t i o n s  and e q u a t i o n s  have  
b e e n  num bered  i n  a c c o r d a n c e  w i t h  t h e  d e c i m a l  sy s te m  
o f  r e f e r e n c i n g *  I n  t h i s  t h e  f i r s t  f i g u r e  d e n o t e s  
t h e  m a in  S e c t i o n ,  t h e  s e c o n d  S u b s e c t i o n  and t h e  
s u b s e q u e n t  f i g u r e s  g i v e  t h e  a p p r o p r i a t e  e q u a t i o n  
number* F o r  exam ple  4 * 0 1 0  s h o u l d  be r e a d  a s  S e c t i o n  
4 9 S u b s e c t i o n  0 ,  e q u a t i o n  tO,
T h ro u g h o u t  t h e  t e x t  n um b ers  shown i n  s q u a r e  
b r a c k e t s  d e n o t e  t h e  a p p r o p r i a t e  r e f e r e n c e  l i s t e d  i n  
t h e  B i b l i o g r a p h y *
INTRODUCTORY REVIEW,
INTRODUCTORY REVIEW*
D eve lo pm en t  i n  s t r u c t u r a l  and  A i r c r a f t  E n g i n e e r i n g  
h a s  l e d  t o  w i d e s p r e a d  u s e  o f  p l a t e  e l e m e n t s  i n  a  v e r y  
l a r g e  number  o f  a p p l i c a t i o n s  and i n  c o n s e q u e n c e  much 
r e s e a r c h  h a s  b e e n  s t i m u l a t e d  on  t h e  b u c k l i n g  o f  p l a t e s *  
C o n s i d e r a b l e  b a s i c  p r o g r e s s  h a s  b e e n  made d u r i n g  t h e  
p a s t  t w e n t y  y e a r s  i n  t h i s  f i e l d  o f  e n g i n e e r i n g  a s  f a r  
a s  t h e  b u c k l i n g  s t r e n g t h  o f  t h i n  w a l l e d  c o n s t r u c t i o n  
i s  c o n c e rn e d *  I t  i s  w e l l  known t h a t  l o n g i t u d i n a l l y  
c o m p re s s e d  t h i n  w a l l e d  c o n s t r u c t i o n s  have  a  c o n s i d e r a b l e  
c a p a c i t y  o f  c a r r y i n g  l o a d s  many t i m e s  l a r g e r  t h a n  t h e  
l o a d s  i n i t i a t i n g  e l a s t i c  b u c k l i n g  [ l , 2 , 3 , 2 8 ] * T h i s  
h a s  g i v e n  r i s e  t o  t h e  u s e  o f  maximum o r  c o l l a p s e  
l o a d  r a t h e r  t h a n  t h e  b u c k l i n g  l o a d  a s  t h e  b a s i s  o f  
d e s i g n .  I n  t u r n  t h i s  h a s  l e d  t o  t h e  s t u d y  o f  p l a t e  
c o l l a p s e  p r o b le m s  ( a s  o p po se d  t o  t h o s e  o f  e l a s t i c  
i n s t a b i l i t y )  w h ic h  a r e  g e n e r a l l y  t o o  co m p lex  f o r  
r i g o r o u s  m a t h e m a t i c a l  a n a l y s i s :  To d a t e  o n l y  t h e
r e l a t i v e l y  s i m p le  c a s e  o f  a  s i m p ly  s u p p o r t e d  and f r e e  
edge p l a t e  h as .  b e e n  s a t i s f a c t o r y  t r e a t e d  t h e o r e t i c a l l y  
1^4 jo However s e m i - e m p i r i c a l  t r e a t m e n t s  e x i s t  [5 -  9? 
28]  w h ic h  a t  p r e s e n t  a r e  b e i n g  u s e d  a s  t h e  b a s i s  o f  
d e s i g n  s p e c i f i c a t i o n s  i n  t h i s  c o u n t r y  and ab ro a d *  T h i s  
r e v i e w  i s  c o n f i n e d . m a i n l y  t o  i n v e s t i g a t i o n s  c o n d u c t e d  
s i n c e  and  d u r i n g  t h e  Second World  War d e a l i n g  w i t h  t h e  
c o l l a p s e  b e h a v i o u r  o f  s i n g l e  f l a t  p l a t e s .  B u c k l i n g  
and c o l l a p s e  s t r e n g t h  o f  c o m p o s i t e  s t r u c t u r a l  fo r m s  h a s  





p '^ .C O
The r e l e v a n t  i n v e s t i g a t i o n s  a r e  b r i e f l y  r e v i e w e d  
u n d e r  two m a in  h e a d i n g s :
A n a l y t i c a l  I n v e s t i g a t i o n s c  
E x p e r i m e n t a l  I n v e s t i g a t i o n s  and t h e i r  '
C o m p ar ison  w i t h  A n a l y t i c a l  I n v e s t i g a t i o n s o  
A l s o ,  s i n c e  t h e  c o l l a p s e  l o a d  o f  p l a t e  - e l e m e n t s  
i s  d i r e c t l y  a s s o c i a t e d  w i t h  l a r g e  f i n i t e  d e f o r m a t i o n s ,  
t h e  i n t r o d u c t o r y  r e v i e w  c u l m i n a t e s  i n  a  s h o r t  d e s ­
c r i p t i o n  o f  t h e  d e v e lo p m e n t  o f  l a r g e  d e f l e c t i o n  
t h e o r y  f o r  f l a t  r e c t a n g u l a r  p l a t e s *  ' -
ANALYTICAL INVESTIGATIONSg
C o l l a p s e  o r  Maximum S t r e n g t h  o f  F l a t  P l a t e s s
An e x a c t  t h e o r e t i c a l  a n a l y s i s  o f  maximum s t r e n g t h  
would  have  t o  t a k e  i n t o  a c c o u n t  l a r g e  d e f l e c t i o n s  and 
t h e  i n e l a s t i c  b e h a v i o u r  o f  t h e  m a t e r i a l ,  b o t h  o f  w h ich  
i n t r o d u c e  n o n - l i n e a r i t i e s :  m ak ing  t h e  p r o b le m  v e r y
d i f f i c u l t  t o  t a c k l e *  I n  t h e  f o l l o w i n g  a v a i l a b l e  
t h e o r e t i c a l  a n a l y s e s  on  c o l l a p s e  o r  maximum s t r e n g t h  
o f  f l a t  p l a t e s  a r e  b r i e f l y  r e v ie w e d *
From t h e  s t a n d p o i n t  o f  t h e o r e t i c a l  a n a l y s i s  a  
h i n g e d  f l a n g e  (^i*e* a  p l a t e  s i m p ly  s u p p o r t e d  a l o n g  t h e  
l o a d e d  e d g e s ,  s i m p ly  s u p p o r t e d  a l o n g  one u n l o a d e d  edge  
and f r e e  a l o n g  t h e  o t h e r s  F i g * ( l )  ^ i s  t h e  s i m p l e s t  
e le m e n t*  I n  1950 E*Z* S t o w e l l  [A-] s u c c e e d e d  i n  d e r i v i n g  
t h e  c o l l a p s e  s t r e n g t h  o f  s u c h  a  p l a t e *  H i s  a n a l y s i s  h a s  
s e r v e d  i n  many c a s e s  a s  a  s t a r t i n g  p o i n t  f ro m  w h ic h  s e m i -  
e m p i r i c a l  m e th o d s  have  b e e n  d e v i s e d  t o  t r e a t  t h e  c o l l a p s e
o f  e l e m e n t s *  The c a s e s  c o n s i d e r e d  e m p i r i c a l l y  a r e  
g e n e r a l l y  more com plex  t o  a n a l y s e  t h e o r e t i c a l l y  and  
t h e r e f o r e  i n  t h e  f o l l o w i n g  S t o w e l l ’ s m ethod  o f  
a n a l y s i s  h a s  b e e n  r e v i e w e d  i n  r e l a t i v e  d e t a i l *
S t o w e l l  c o m pu tes  t h e  maximum l o a d  by m ak ing  u s e  o f  
t h e  d e f o r m a t i o n  t h e o r y  o f  p l a s t i c i t y  i n  c o m b i n a t i o n  
w i t h  t h e  l a r g e  d e f l e c t i o n  t h e o r y  f o r  s u c h  a  p l a t e *  
The f u n d a m e n t a l  h y p o t h e s i s  i n  t h e  f i n i t e  d e f l e c t i o n  
a n a l y s i s  assum ed  by S t o w e l l  i s  t h a t  a t  an y  s e c t i o n  
a c r o s s  t h e  p l a t e  t h e r e  i s  no c u r v a t u r e  i n  t h e  
d i r e c t i o n  n o r m a l  t o  t h e  a p p l i e d  l o a d ;  t h i s  i m p l i e s  
t h a t  t h e r e  i s  no b e n d i n g  i n  t h i s  d i r e c t i o n *  T h i s  
h y p o t h e s i s  e n a b l e d  him t o  a v o i d  t h e  f o r m a l i s e d  p l a t e  
t r e a t m e n t  o f  t h e  p rob lem *
F o r  i n f i n i t e s i m a l  r o t a t i o n s  t h e  d i f f e r e n t i a l  
e q u a t i o n  o f  e q u i l i b r i u m  f o r  a  co lum n u n d e r  t h e  
a c t i o n  o f  c o m p r e s s i v e  s t r e s s  h a s  b e e n  shown by 
W agner  j^io] t o  beg:
_  E  C^T A l l  =  o  — — ........... — - I . t
àx ®
w h e r e :  Q i s  t h e  a n g l e  o f  t w i s t *
i s  t h e  S to V e n a n t  component  o f  i n t e r n a l
(A%
r e s i s t i n g  t o r q u e *
i s  t h e  component  o f  i n t e r n a l  t o r q u e  due 
t o  t h e  a p p l i c a t i o n  o f  c o m p r e s s i v e  f o r c e *
— i s  t h e  component  o f  i n t e r n a l  r e s i s t i n g
t o r q u e  due t o  b e n d i n g  o f  t h e  column a s  i t  t w i s t s *  
S t o w e l l  amends t h e  d i f f e r e n t i a l  e q u a t i o n  1.1 
t o  i n c l u d e  t h e  e f f e c t s  o f  c h a n g e s  i n  t h e  m id d l e
s u r f a c e  s t r a i n s ,  which, a p p e a r  a t  f i n i t e  v a l u e s  o f  t h e  
r o t a t i o n  0  , and o b t a i n s :
where
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* V )  J
he s i m p l i f i e s  t h e  d i f f e r e n t i a l  e q u a t i o n  t o




By s o l v i n g  t h i s  e q u a t i o n  S t o w e l l  c o m p u te s  t h e
t h e  v a r i o u s  s t r a i n  co m po n en ts  and r e d u c e s  them t o  fo rm s  
d e p e h d i n g  on  t h e  p a r a m e t e r  w h ic h  s p e c i f i e s  t h e  amount o f  
t w i s t o
S i n c e  i n  t h i s  a n a l y s i s  he assumed ^  =  o  ( s e e  F ig .
( I ) ) t h e r e f o r e  t h e  f u n d a m e n t a l  d e f o r m a t i o n  t h e o r y  o f  
p l a s t i c i t y  r e l a t i o n  f o r  i n c r e a s i n g  l o a d s
where  s t r a i n  i n t e n s i t y  = ^  ■*
and =  s t r e s s  i n t e n s i t y  = + 3 t"^
r e d u c e s  t o  '
+  V3  — — — — — — ........... - 1 . 5
w i t h  t h e  c o m p a t i b l e  r e l a t i o n s :
By a s s i g n i n g  v a l u e s  t o  t h e  t w i s t  p a r a m e t e r  t h e  
s t r a i n  c o m p on en ts  and  V a t  any p o i n t  a r e  computed
and h e n c e  t h e  s t r a i n  i n t e n s i t y  c o m p l e t e l y  d e t e r m i n e d *
From t h e  s t r e s s  s t r a i n  c u r v e  o f  t h e  m a t e r i a l ,  t h e  v a l u e  
o f  s t r e s s  i n t e n s i t y  (T^ an d  m o d u lu s  E^ ja<L i s  o b t a i n e d  
c o r r e s p o n d i n g  t o  t h e  v a l u e  o f  and t h e  s t r e s s  CT^
i s  t h e n  com puted  by t h e  r e l a t i o n  1*6* The a v e r a g e  
v a l u e  o f  o r  a c r o s s  t h e  w i d t h  o f  t h e  f l a n g e
f
=  ~5” j  ^
i s  t h e n  d e t e r m i n e d  f o r  v a r i o u s  v a l u e s  o f  t h e  t w i s t
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p a r a m e t e r  g i v i n g  a maximum (T^ouk. f o r  a  c e r t a i n  v a l u e  c 
S t o w e l l ’ s a n a l y s i s  i n d i c a t e s  t h a t  t h e  maximum l ô a d  o c c u r s  
j u s t  a s  t h e  edge  s t r e s s  a t  t h e  s u p p o r t e d  u n l o a d e d  edge 
r e a c h e s  a  maxiraumo T h e r e f o r e  a  s i g n i f i c a n t  p h y s i c a l  - 
f a c t  w h ich  was b r o u g h t  t o  l i g h t  by t h i s  a n a l y s i s  i s  
t h a t  t h e  edge s t r e s s  i s  i n t i m a t e l y  a s s o c i a t e d  w i t h  
c o l l a p s e  and  c o l l a p s e  o c c u r s  when t h e  v a l u e  o f  0% 
a t  t h e  edge  r e a c h e s  a  v a l u e  a p p r o x i m a t e l y  e q u a l  t o  
c o m p r e s s i v e  y i e l d  s t r e n g t h o
S t o w e l l  p l o t s  r e s u l t s  o b t a i n e d  i n  t h i s  m anner  
f o r  Aluminium A l l o y  2.4S-T4' f l a n g e  i n  a non  d i m e n s i o n a l  
fo rm  o f  a g a in st ( F ig = ( i )  )„
A number o f  t h e o r e t i c a l  a n a l y s i s  have  a l s o  b een  
c o n c e r n e d  w i t h  t h e  p o s t  b u c k l i n g  l o a d  c a r r y i n g  c a p a c i t y  
o f  f l a t  p l a t e s  l o a d e d  i n  one d i r e c t i o n  and s u p p o r t e d  
a l o n g  a l l  edg es*  W ith  one r e c e n t  e x c e p t i o n  [2 9 "] su c h  
a n a l y s e s  a r e  b a s e d  on  p u r e l y  e l a s t i c  c o n s i d e r a t i o n s  
and t h e r e f o r e  y i e l d  r e l a t i v e l y  i m p o r t a n t  i n f o r m a t i o n  
o n l y  on a  l i m i t e d  r a n g e  o f  p o s t  b u c k l i n g  b e h a v i o u r *
The i m p o r t a n t  p ro b le m  o f  c o l l a p s e  r e q u i r e s  t h e  i n c o r -  
p o r a t i o n  o f  p l a s t i c i t y  t h e o r y  i n t o  t h e  l a r g e  d e f l e c t i o n  
a n a n y s i s o  Mayer* s and  B u d ia n s k y  i n t r o d u c e d  t h e  
p l a s t i c i t y  e f f e c t s  and t r e a t e d  t h e  c a s e  o f  a  s im p ly  
s u p p o r t e d ^ p l a t e  u s i n g  v a r i a t i o n a l  p r i n c i p l e s *  Assuming 
t h e  a v e r a g e  c o m p r e s s i v e  s t r e s s  a t  a  s t r a i n  o f  0*011 f o r  
2 02 4 -T 5  a l l o y  p l a t e  a s  a n  i n d i c a t i o n  o f  c o l l a p s e ,  M a y e r ’ s 
and B u d ia n s k y  computed  t h e  maximum l o a d s  f o r  p l a t e s  t h a t  
b u c k l e  e l a s t i c a l l y  a t  0*3 , 0*4 ,0 *^  and O v6 o f  t h e  com­
p r e s s i v e  y i e l d  s t r e n g t h *  The r e s u l t s  o f  t h i s  a n a l y s i s  
a r e  shown i n  P i g * ( 5 )  *











An a p p r o x i m a t e  a n a l y s i s  b a s e d  on  t h e  l o a d  
c a r r y i n g  c a p a c i t y  o f  p u r e l y  e l a s t i c  p l a t e s  a f t e r  
b u c k l i n g  i s  a l s o  a v a i l a b l e o  T h i s  a p p r o x i m a t e "
a n a l y s i s  was f i r s t  c a r r i e d  o u t  by T heodor  Von KarmenTzl 
and  sum m arised  by So?» T im o sh e n k o [ l l .  Yon Karmen 
a s su m e s  t h a t  t h e  e n t i r e  c o m p r e s s i v e  l o a d  i s  c a r r i e d  
by two s t r i p s ,  a l o n g  t h e  two u n l o a d e d  s u p p o r t e d  e d g e s ,  
o f  w i d t h  2 c  , w h i l e  t h e  c e n t r a l  b u c k l e d  s t r i p  o f  
b r e a d t h  2 c )  i s  f r e e  f ro m  s t r e s s *  D i s r e g a r d i n g  
t h e  m id d l e  p o r t i o n  o f  t h e  p l a t e  t h e  two s t r i p s  a r e  
h a n d l e d  a s  a  l o n g  p l a t e  o f  w i d t h  2 c ,  ( F i g o ( 4 )  )o 
I t  i s  a ssum ed  t h a t  t h e  maximum l o a d  i s  r e a c h e d  when 
t h e  u n i f o r m  c r i t i c a l  s t r e s s  f o r  s u c h  a  p l a t e
becom es e q u a l  t o  t h e  y i e l d  s t r e s s  CT^ lcU o f  t h e  
m a t e r i a l *
T h i s  r e s u l t s  i n  t h e  r e l a t i o n s
..................................
(where  K i s  a  c o n s t a n t  d e p e n d i n g  u p o n  t h e  p l a t e  
d i m e h s i o n s  and  t h e  s u p p o r t  c o n d i t i o n s )  g i v i n g s
c  =
/J 4-8 (l -  v^)
The maximum s t r e s s  r e f e r r e d  t o  t h e  a c t u a l  
p o r t i o n s  o f  t h e  p l a t e  i s  t h e n s
b b ^ l 2 ( l  -  v ’")
I n  t h e  c a s e  o f  a  p l a t e  w i t h  one u n l o a d e d  edge 
s u p p o r t e d ,  t h e  same a n a l y s i s  h o l d s  b u t  i n  t h i s  c a s e  
t h e r e  i s  one s t r i p  o f  e q u i v a l e n t  w i d t h  c a r r y i n g
t h e  l o a d  and 
c  =  ï ï l  W K E
The r e l a t i o n s h i p  r e s u l t i n g  f ro m  t h i s  a n a l y s i s  c a n  
be w r i t t e n  i n  t h e  forms
^ T Î t  _  /  O crlt ____________________________________________ 2 .4
More e l a b o r a t e  i n v e s t i g a t i o n s  by M a r g u e r r e  and  
L e v y |ll>12.]again a s s u m i n g  t h a t  t h e  maximum l o a d  i s  
r e a c h e d  when t h e  c r i t i c a l  s t r e s s  c a r r i e d  by t h e  
l o n g i t u d i n a l  edge  s t r i p  o f  com bined  w i d t h  becomes
e q u a l  t o  t h e  y i e l d  s t r e s s  and  f u r t h e r  a s s u m i n g  t h a t  t h e  
s t r e s s  i n  t h e  s t r i p  o f  width ( j - t )b  r e m a i n s  e q u a l  t o  t h e  
e l a s t i c  b u c k l i n g  v a l u e  g i v e s  t h e  r e l a t i o n s h i p s
i  4-(i - 1)
w here  ^--- ----------
^  7\ ^ a /  K  £ _______
^  a/ | 2 - 0 - v^)
A l a r g e  num ber  o f  s e m i - e m p i r i c a l  t r e a t m e n t s  o f  
maximum s t r e n g t h  o f  f l a t  p l a t e s  a r e  sum m ar ised  i n  [28] 
and  a r e  b a s e d  on  t h e  f a c t  t h a t  c o l l a p s e  i s  c l o s e l y  
a s s o c i a t e d  w i t h  t h e  h i g h e s t  a t t a i n a b l e  v a l u e  o f  edge  
s t r e s s  w h ic h  i n  t u r n  i s  a  f u n c t i o n  o f  t h e  s t r e s s  
i n t e n s i t y  a t  t h e  edge * The v a r y i n g  b o u n d a r y  co n ­
d i t i o n s  a l o h g  t h e  u n l o a d e d  e d g e s  v a r y  t h e  v a l u e  o f  (5^ 
and may be e x p e c t e d  t o  r e s u l t  i n  v a r i a t i o n s  i n  t h e  
maximum s t r e n g t h *  T h e r e f o r e  i n  t h e s e  s e m i - e m p i r i c a l  
t r e a t m e n t s  t h e  e f f e c t  o f  b o u n d a r y  c o n d i t i o n s  a l o n g  t h e  
u n l o a d e d  e d g e s  on  t h e  maximum s t r e n g t h  h a s  b e e n  c a r e f u l l y  
c o n s i d e r e d  e
L o c a l  I n s t a b i l i t y  o f  Com posi te  S t r u c t u r a l  S e c t i o n s :
A c o m p o s i t e  s t r u c t u r a l  s e c t i o n  c a n  be r e g a r d e d  a s  an  
a s s e m b ly  o f  p l a t e s ,  and  t h u s  t h e  r e s u l t s  o b t a i n e d  f o r  
s i n g l e  p l a t e s  c a n  be u t i l i z e d  t o  o b t a i n  t h e  b u c k l i n g  
l o a d s  i n  l o c a l  i n s t a b i l i t y  o f  s t r u c t u r a l  s e c t i o n s  i f  t h e  
b o u n d a ry  c o n d i t i o n s  f o r  t h e  p l a t e s  a t  t h e  c o n n e c t e d  e d g e s  
a r e  d e te r m in e d *
I n  1 9 2 4  B l e i c h [3Ql f i r s t  a t t e m p t e d  t o  d e t e r m i n e  
t h e  b u c k l i n g  s t r e s s e s  o f  p l a t e  a s s e m b l i e s  i n  t h e  fo rm  
o f  r e c t a n g u l a r  box s e c t i o n s *  He assumed i n  h i s  
a n a l y s i s  t h e  p l a t e s  w i t h  t h e  l a r g e r  w i d t h  t o  t h i c k n e s s  
r a t i o  a s  b e i n g  t h e  b u c k l i n g  p l a t e s  and t h e  o t h e r s  a s  
t h e  s u p p o r t i n g  p l a t e s *  L a t e r ,  M e l ^ [ 3 1] e v a l u a t e d  t h e  
b u c k l i n g  s t r e s s e s  f o r  I  s e c t i o n s  by t a k i n g  i n t o  
a c c o u n t  t h e  f l e x u r a l  s t i f f n e s s e s  o f  t h e  f l a n g e s  w h ic h  
w ere  t a k e n  a s  t h e  s u p p o r t i n g  p l a t e s ,  and  n e g l e c t i n g  
t h e i r  t o r s i o n a l  s t i f f n e s s *  T h i s  m ethod  o f  a n a l y s i s  
was l a t e r  d e v e l o p e d  by Timoshenko [ l ]  f o r  t h e  c a s e  o f  
a  X  s e c t i o n *  I n  h i s  a n a l y s i s  he t a k e s  i n t o  a c c o u n t  
t h e  t o r s i o n a l  s t i f f n e s s  o f  t h e  s u p p o r t i n g  f l a n g e *
C h w a l l a [3^1 e x t e n d e d  M e la n ’ s t h e o r y  and i n c l u d e d  
t o r s i o n a l  s t i f f n e s s  e f f e c t s  o f  t h e  f l a n g e s  o f  I  
s e c t i o n s  i n  d e t e r m i n i n g  t h e  b u c k l i n g  s t r e s s e s *  A 
y e a r  l a t e r  a n  a p p r o x i m a t e  t r e a t m e n t  o f  pla^n.  c h a n n e l  
s e c t i o n s  was c a r r i e d  o u t  by P a r r [3 3]* L u n d q u i s t  [5^, 3 5] 
and  S t o w e l l  [36] a l s o  worked  o u t  l o c a l  i n s t a b i l i t y  
s t r e s s e s  f o r  v a r i o u s  o p e n  and  c l o s e d  s t r u c t u r a l  s e c t i o n s .  
U s in g  a  more d i r e c t  a p p r o a c h  t o  t h e  p ro b le m  C h i l v e r  [3^1 
e v a l u a t e d  t h e  b u c k l i n g  s t r e s s e s  o f  o p en  s e c t i o n s ,  o f
g e n e r a l  form* H is  method c o n s i s t s  i n  w r i t i n g  down 
s e p a r a t e l y  t h e  e q u a t i o n s  f o r  v a r i o u s  p l a t e  co m p o nen ts  
and  s o l v i n g  them s i m u l t a n e o u s l y  by t h e  method o f  
d e t e r m i n a n t s *  H a r v e y [ i s ]  gave  a  c o m p le t e  a n a l y s i s
f o r  c o n c e n t r i c a l l y  l o a d e d  p l a n e  and l i p p e d  c h a n n e l s *  
Harvey  e v a l u a t e d  t h e  e l a s t i c  edge  r e s t r a i n t s  a t  t h e  
c o n n e c t i n g  e d g e s  and u t i l i z e d  t h e  s i n g l e  p l a t e  
r e s u l t s  t o  e v a l u a t e  t h e  l o c a l  i n s t a b i l i t y  o f  t h e s e  
s e c t i o n s *
K r o l l [ % 5 9 ] p r e p a r e d  t a b l e s  f o r  e v a l u a t i n g  
t h e  s t i f f n e s s  o f  e l a s t i c  r e s t r a i n t  p r o v i d e d  b e tw e e n  
t h e  p l a t e s  o f  b u i l t - u p  s e c t i o n s ,  and c h a r t s  o f
f a c t o r  K w here  *--r-----  f o r  v a r i o u s
s t i f f n e s s  v a l u e s  f o r  v a r i o u s  t y p e s  o f  p l a t e s *  These  
c h a r t s  i n  a d d i t i o n  t o  t h e  t a b l e s  c an  be u s e d ,  t o  
e v a l u a t e  t h e  c r i t i c a l  s t r e s s  f o r  a  p a r t i c u l a r  
s t r u c t u r a l  s e c t i o n  i f  i t  i s  assum ed t h a t  t h e  s t i f f ­
n e s s  o f  e l a s t i c  edge  r e s t r a i n t  i s  c o n s t a n t *
Maximum S t r e n g t h  Of C om pos i te  S t r u c t u r a l  S e c t i o n s ?
E a r l i e r  a t t e m p t s [4^ ]  t o  d e t e r m i n e  maximum 
s t r e n g t h  o f  s h o r t  s t r u c t u r a l  s e c t i o n s  u n d e r  c o m p r e s s i v e  
l o a d s  were  b a s e d  on t h e  b u c k l i n g  b e h a v i o u r  o f  t h e  
e l e m e n t s *  I n  t h e s e  a n a l y s e s ,  t h e  c o l l a p s e  l o a d  was 
t a k e n  a s  t h e  sum o f  t h e  b u c k l i n g  l o a d s  o f  e a c h  o f  th e  
component  p l a t e s *
Based  on t h e  f a c t  t h a t  f l a t  p l a t e s  c a r r y  l o a d s  
c o n s i d e r a b l y  l a r g e r  t h a n  t h e  b u c k l i n g  l o a d ,  l a t e r  
m e th o d s  o f  e v a l u a t i n g  maximum s t r e n g t h  o f  s t r u c t u r a l
s e c t i o n s  were  r e f i n e d *  E eedham | 4 l l h a s  r e c e n t l y  p r o p o s e d  
a  method o f  a n a l y s i s  f o r  fo rm ed  s t r u c t u r a l  s e c t i o n s *  I n  
t h i s  m e th o d ,  t h e  maximum l o a d  o f  s t r u c t u r a l  s e c t i o n s  i s  
o b t a i n e d  by summing t h e  c o l l a p s e  l o a d s  o f  e a c h  o f  t h e  
component  p l a t e s *  The m ethod  i s  b a s e d  on t h e  
a rg u m e n t  t h a t  i n  c o l d  fo rm e d  s e c t i o n s  t h e r e  i s  a  
c o n s i d e r a b l e  i n c r e a s e  i n  t h e  c o m p r e s s i v e  y i e l d  
p r o p e r t i e s  i n  t h e  c o r n e r s  d e p e n d i n g  upon  t h e  x a d i u s  
o f  t h e  ro u n d e d  c o r p e r *
A l a r g e  number  o f  s e m i - e m p i r i c a l  t r e a t m e n t s  
f o r  v a r i o u s  s t r u c t u r a l  s e c t i o n s  e x i s t *  F o r  Aluminium 
and Magnesium a l l o y  s t r u c t u r a l  s e c t i o n s  t h e  s e m i - e m p i r i c a l  
t r e a t m e n t s  a r e  sum m ar ised  by G e r a r d f z s ]  * O t h e r  
e m p i r i c a l  a n a l y s e s  f o r  s t e e l  s t r u c t u r e s  a r e  p r e s e n t e d  
i n  [ 7 ] 9  [ 9 ] 9  [ 1 3 ] o The r e s u l t s  o f  some o f  t h e s e  
t r e a t m e n t s  a r e  shown i n  p l o t t e d  f o r m s  -^in t h e  ÿ iar t  on 
E x p e r i m e n t a l  I n v e s t i g a t i o n s *
EXPERIMENTAL INVESTIGATIONS AED COMPARISON 
WITH ANALYTICAL RESULTS:
I n  m ost  o f  t h e  e x p e r i m e n t a l  i n v e s t i g a t i o n s ;  
c o n f i n e d  m a i n l y  t o  Aluminium a l l o y  and s t e e l  s t r u c t u r e s ,  
t e s t s  h av e  b e e n  p e r f o r m e d  w i t h  p a r t i c u l a r  a t t e n t i o n  t o  
c r i t i c a l  l o a d  and  maximum l o a d  v a l u e s *  As a  r e s u l t  
t h e r e  i s  l a c k  o f  i n f o r m a t i o n  on  t h e  c o m p le t e  s t r a i n  and  
d e f o r m a t i o n  c h a r a c t e r i s t i c s  o f  t h i n  p l a t e  com po n en ts  o f  
s t r u c t u r a l  s e c t i o n s *
T e s t s  c a r r i e d  o u t  on  c r u c i f o r m s  and  s q u a r e  t u b e s  
p r o v i d e  d a t a  f o r  s i n g l e  p l a t e s  r a t h e r  t h a n  f o r  s e c t i o n s  
c o m p o s e d -o f  p l a t e s *  I n  e f f e c t  t h e  c r u c i f o r m  i s  
composed o f  f o u r  s i m p ly  s u p p o r t e d  ^  f r e e  p l a t e s  and  t h e
CRUCIFORM & ANGLE SECTIONS
+  STOWEL 24ST4 alloy C ru e f lo r tn10
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s q u a r e  t u b e  i s  a n  i n t e g r a l  a s s e m b ly  o f  f o u r  p l a t e s ,  
s i m p l y  s u p p o r t e d  on a l l  e dgeso  A c o n s i d e r a b l e  
p r o p o r t i o n  o f  t h e  e x p e r i m e n t a l  w o rk  c a r r i e d  o u t  h a s  
b e e n  c o n f i n e d  t o  t h e s e  fo rm so  The t e s t  r e s u l t s  f o r  
c r u c i f o r m  s e c t i o n s  o b t a i n e d  by S t o w e l l [ 4 ]  and  f o r  a n g l e  
s e c t i o n s  by Needham|4 l ]  w i t h  t h e o r e t i c a l  c u r v e ,  o b t a i n e d  
by S t o w e l l  a r e  shown i n  F ig o (S )  o The d e p a r t u r e  o f  t h e  
a n g l e  s e c t i o n s  f rom  t h e  t h e o r y  f o r  s i m p ly  s u p p o r t e d  
f l a n g e s  may be a t t r i b u t e d  t o  t h e  w a r p i n g  o f  t h e  
u n l o a d e d  s i m p ly  s u p p o r t e d  edge  i n  t h e  p l a n e  o f  t h e  
f l a n g S o  However i n  t h e  c r u c i f o r m  s e c t i o n  t h e  edge  
r e m a i n s  s t r a i g h t  due t o  symmetry  and t e s t  r e s u l t s  a r e  
i n  good a g r e e m e n t  w i t h  t h e  t h e o r y *
R e s u l t s  o f  t e s t s  on s q u a r e  t u b e s  and « i m p l y  
s u p p o r t e d  p l a t e s  by A n d e rso n  and A n d e r s o n , B o tm an , 
B e s s e l i n g  [ 4 2 , 4 3 , 4 4 ]  a r e  shown i n  P i g * (6 )  * I n  P ig*
(6 )  a r e  a l s o  shown by  l i n e s  t h e  t h e o r e t i c a l  r e s u l t s  
o f  M ayers  and B u d ia n s k y  [29 ]  and  one e m p i r i c a l  t r e a t ­
ment [ 2 8 ]  o
The s t r e n g t h  o f  s t e e l  c h a n n e l  s t r u t s  was f i r s t  
s t u d i e d  e x p e r i m e n t a l l y  by W i n t e r  [ S ] * E x t e n s i v e  
e x p e r i m e n t a l  w ork  h a s  s i n c e  b e e n  c o n d u c t e d  on I  , TL and 
c h a n n e l  s e c t i o n s  t o  c h e c k  t h e o r e t i c a l  r e s u l t s  and  t o  
d e r i v e  e m p i r i c a l  r e l a t i o n s *  T e s t  d a t a  on  e x t r u d e d  
e q u a l  f l a n g e ' 1 L  , c h a n n e l  and  I  s e c t i o n s  o f  v a r i o u s  
a lu m in iu m  and maghesium a l l o y  o b t a i n e d  by H e im e r l  [ 2 4 ]  
and  S h u e t t e  [4 5 ] i s  shown p l o t t e d  i n  P i g *(7) w i t h  t h e  
e m p i r i c a l  r e l a t i o n  d e r i v e d  by H e i c i e r l * A lso  shown i n  
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d e r i v e d  r e l a t i o n s h i p  f o r  a. s i m p ly  s u p p o r t e d  f l a n g e o
G h i l v e r  [377  c a r r i e d  o u t  t e s t s  on c o l d  fo rm ed  s t e e l  
and  l i g h t  a l l o y  p l a i n  and l i p p e d  c h a n n e l s  u n d e r  c o n c e n t r i c  
l o a d s *  The e x p e r i m e n t a l  r e s u l t s  and  e m p i r i c a l  r e l a t i o n ­
s h i p s  a s  g i v e n  by G h i l v e r  a r e  shown i n  F i g 0(8 ) and  (9)  «
The d o t t e d  c u r v e  shown i s  t h e  Von Karmen r e l a t i o n s h i p  
f o r  p l a t e s  s u p p o r t e d  a l o n g  a l l  e d ges*
Kenedio  S h e a r e r  Sm i th  and  Fahmy [ 9 ]  worked  o u t  
v a r i o u s  s e m i - e m p i r i c a l  r e l a t i o n s  a s  a  b a s i s  o f  
d e s i g n  f rom  a  l a r g e  number  o f  t e s t s  on  c o l d  r o l l e d  
p l a i n  and  l i p p e d  c h a n n e l  s e c t i o n s  and a n g l e  s e c t i o n s o
DEVELOPMENT OF LARGE DEFLEGTION THEORY»
L a g ra n g e  i n  1811 [ l 4 , 1 5 j  d e v e l o p e d  t h e  
d i f f e r e n t i a l  e q u a t i o n  f o r  b e n d i n g  o f  t h i n  p l a t e s s
v V    _ I J I
where  % i s  t h e  l a t e r a l  l o a d  i n t e n s i t y  and  AaT  i s  
l a t e r a l  d e f l e c t i o n *
I n  d e r i v i n g  t h i s  e q u a t i o n  he assum ed  t h a t  t h e  
d e f l e c t i o n  W" i s  s m a l l  com pared  t o  t h e  t h i c k n e s s  o f  t h e  
p l a t e  w h ich  i m p l i e s  t h a t  t h e  m id d le  p l a n e  o f  t h e  p l a t e  
r e m a i n s  u n s t r a i n e d *  L a t e r  L a g r a n g e s  e q u a t i o n  was 
m o d i f i e d  [ l ]  f o r  t h e  c a s e  o f  a  p l a t e  s u b j e c t e d  t o  
d i r e c t  f o r c e s   ^ and  i n  t h e  p l a n e  o f  t h e
p l a t e  by c o n s i d e r i n g  ^  t o  c o n s i s t  o f  t h e  l a t e r a l  
co m po n en ts  o f  t h e  m id d l e  p l a n e  f o r c e s *  T h i s  y i e l d s s
f  ........ .............. 1 . 12
3»x*-
I f  i t  i s  assumed i n  t h e  p ro b le m  o f  b e n d in g  o f  a  
p l a t e  s u b j e c t e d  to  d i r e c t  f o r c e s  i n  t h e  p l a n e  o f  t h e  
p l a t e ,  t h a t  t h e  d e f l e c t i o n s  a r e  l a r g e  compared  t o  t h e  
t h i c k n e s s  o f  t h e  p l a t e ,  t h e n  i t  i s  no l o n g e r  r a t i o n a l  
t o  assume t h a t  t h e  s t r a i n s  i n  t h e  m id d le  p l a n e  o f  t h e  
p l a t e  r e m a in  u n c h a n g e d  d u r i n g  b e n d in g *  T h i s  p ro b le m  
o f  b e n d in g  o f  p l a t e s  a c t e d  u p o n  by d i r e c t  f o r c e s  and 
t a k i n g  i n t o  a c c o u n t  e f f e c t s  due t o  l a r g e  d e f l e c t i o n  
was f i r s t  g e n e r a l i z e d  by Von Karmen [ l  , 1 6 J  * I n  h i s  
a n a l y s i s  he a s su m e s  t h a t  t h e  e q u a t i o n  1*12 f o r  t h e  
d e f l e c t i o n  fo rm  ho lds  i n  t h i s  c a s e  a l s o  i f  t h e  d i r e c t  
f o r c e s  9, and  a r e  c o n s i d e r e d  t o  c o n s i s t
o f  t h e  a p p l i e d  f o r c e s  and t h e  e f f e c t  due t o  s t r a i n i n g  
o f  t h e  m id d le  p l a n e *  T hese  f o r c e s  a r e  t h e n  
d e t e r m i n e d  f rom t h e  c o m p a t i b i l i t y  c o n d i t i o n  o f  t h e  
s t r e s s  s t r a i n  s y s te m  p r e s e n t *  Making u s e  o f  A i r y ' s  
S t r e s s  f u n c t i o n  F  t h i s  a n a l y s i s  y i e l d s  two e q u a t i o n s :
-  A  . _^F aV 2 ■]
v k  = E l/J V . T -  I     1.14
w h ic h  when s o l v e d  s i m u l t a n e o u s l y  f o r  'W" and  F g i v e  
t h e  s o l u t i o n  o f  t h e  l a r g e  d e f l e c t i o n  prob lem *
CONTENTS*
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( a )  F l a t  r e c t a n g u l a r  p l a t e  u n i f o r m l y  
c o m p r e s s e d  a l o n g  two s i m p ly  
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S E C m iO M , 1
BASIC IiARSE DEFLECTION PLATE 
EQUATIONS AtTD METHOD OP SOIUTIOW,
BASIC LARGE DEFLECTION PLATE
EQUATIONS . AND METHOD OF SOLUTION,
I n  p u b l i s h e d  l i t e r a t u r e  i t  i s  p o s s i b l y  more c u s to m a ry  
to  d e r i v e  t h e  g o v e r n in g  e q u a t i o n s  o f  a  p a r t i c u l a r  p ro b le m  
from  th e  c o n s i d e r a t i o n  o f  t h e  a p p r o p r i a t e  c o m p a t i b i l i t y  
c o n d i t i o n s  o f  t h e  s t r e s s  and s t r a i n  s y s te m s  p r e s e n t .  I n  
a  num ber o f  i n s t a n c e s  t h e  a p p r o a c h  t e n d s  t o  become l a b o r i o u s  
and  r e l a t i v e l y  i n a p p l i c a b l e .  I n  su c h  c a s e s  th e  minimum 
e n e rg y  th e o re m s  may be u t i l i s e d  t o  g iv e  a  r e l a t i v e l y  more 
d i r e c t  r o u t e  t o  t h e  d e r i v a t i o n  o f  t h e  b a s i c  d i f f e r e n t i a l  
e q u a t i o n s .
The t h e o r e t i c a l  w ork p r e s e n t e d  i n  t h i s  s e c t i o n  
u t i l i s e s  t h i s  e n e rg y  a p p r o a c h  to  d e r i v e  th e  c h a r a c t e r i s t i c  
e q u a t i o n s  o f  f l a t  p l a t e s  s u b j e c t e d  to  d i r e c t  f o r c e  a c t i o n s  
i n  th e  p l a n e  o f  t h e  p l a t e .  The p ro b le m  i s  g e n e r a l i s e d  
th r o u g h  t a k i n g  a c c o u n t  o f  m id d le  p l a n e  s t r a i n s  i n  th e  
p l a t e  due to  t h e  b e n d in g  a c t i o n s  w h ic h  a r i s e ,  t h u s  t r e a t i n g  
th e  p ro b le m  a s  one o f  " l a r g e *  l a t e r a l  d e f l e c t i o n s .  The 
p r o c e s s  o u t l i n e d ,  e s t a b l i s h e s  t h e  t o t a l  s t r a i n  e n e r g y  o f  
t h e  lo a d e d  p l a t e ;  t h e  e n e r g y  c o n t e n t s  due  to  t h e  d i r e c t  
a c t i o n s ,  th e  b e n d in g  a c t i o n s  and  t h e  m id d le  p l a n e  e f f e c t s  
due to  b e n d in g  b e in g  c l e a r l y  d i f f e r e n t i a t e d .  M i n i m i s a t io n  
o f  th e  e n e r g y  i n t e g r a l  i s  t h e n  e f f e c t e d  by  th e  u s e  o f  E u l e r ' s  
E q u a t i o n s ,  c u l m i n a t i n g  i n  a  p r o c e d u r e  f o r  t h e  s o l u t i o n  o f  t h e  
d i f f e r e n t i a l  e q u a t i o n s ,  u t i l i s i n g  G a l e r k i n ' s  M e thod . The 
a p p l i c a t i o n  o f  t h e  e n e rg y  a p p r o a c h  to  t h e  p ro b le m  c o n s i d e r e d ,
tz
t o g e t h e r  w i t h  t h e  g e n e r a l i s a t i o n  o f  E u l e r ’ s  e q u a t i o n s  
f o r  two v a r i a b l e s  w i t h  h i g h e r  d e r i v a t i v e s ,  p r e s e n t e d  i n  t h i s  
s e c t i o n ,  i s  to  th e  a u t h o r ’ s  k n o w le d g e ,  n o t  a v a i l a b l e  i n  t h e  
p u b l i s h e d  l i t e r a t u r e o
1.0 STRAIN ENERGY - INTEGRAIS.
C o n s id e r  a  f l a t  r e c t a n g u l a r  p l a t e  s u b j e c t e d  t o  b e n d in g  
a c t i o n  and  e x t e r n a l  f o r c e s  i n  t h e  p l a n e  o f  t h e  p l a t e ,  
g i v i n g  r i s e  t o  * l a r g e *  l a t e r a l  d e f l e c t i o n s  and  to  t h e  
i n t e r n a l  a c t i o n s  i n d i c a t e d  on  an  e le m e n t  shown i n
Plg.X'OÜ
A ssum ing t h a t  t h e  v e r t i c a l  s h e a r i n g  f o r c e s  
and  hav e  n e g l i g i b l e  e f f e c t  on th e  c u r v a t u r e s  o f  th e
p l a t e  and  t h e r e f o r e  t h e  s t r a i n  e n e r g y  due to  t h e s e  f o r c e s
i s  n e g l i g i b l e ,  t h e  s t r a i n  e n e rg y  due to  b e n d in g  a c t i o n s  
a l o n e ,  a c c u m u la te d  i n  t h e  e le m e n t  i s  e q u a l  t o  t h e  w ork 
done b y  th e  moments and  and  by t h e  t w i s t i n g
moments and
S i n c e , r e p r e s e n t s  a p p r o x i m a t e ly  th e  c u r v a t u r e  o f  
t h e  p l a t e  i n  th e  %% p l a n e ,  th e  a n g le  c o r r e s p o n d i n g  to
i s  — and  th e  w ork  done by  t h i s  moment i s
1 J-
Z  *
S i m i l a r l y ,  t h e  w ork  done by th e  moment Mu i s ;
%
z  «
A g a in ,  s i n c e  t h e  a n g le  o f  t w i s t  c o r r e s p o n d i n g  to  th e
t w i s t i n g  moment i s  , t h e  w ork  done i s
“361 §-w
S i m i l a r l y ,  t h e  w ork  done by  t h e  t w i s t i n g  moment Mux
I S :
iix
A ssum ing  H ooke’ s  Law to  a p p ly :
1^u r 4- V o W
%
3 w + V -
and  t h e  t o t a l  s t r a i n  e n e rg y  due t o  b e n d in g  a c t i o n s  i n  t h e  
e le m e n t  b ecom es;
(lÿj
â -ur \
t h e r e f o r e  t h e  s t r a i n  e n e r g y  o f  b e n d in g  o f  t h e  e n t i r e  r e g i o n  






-4 - A & ^  -  2  f 1 -  v 'lT
.2 ^  23t*r 3 w  /  o^ AT ) [
3%^ 9 \3%a%
1.02
To e s t a b l i s h  th e  e x p r e s s i o n  f o r  t h e  s t r a i n  e n e r g y  
c o n t e n t  c o r r e s p o n d i n g  t o  t h e  f o r c e s  a c t i n g  i n  t h e  m id d le  _plane 
o f  t h e  p l a t e ,  i t  i s  a ssum ed  t h a t  t h e s e  f o r c e s  a r e  a p p l i e d  
f i r s t  t o  t h e  u n b e n t  p l a t e *
A ssum ing  t h a t  t h e  f o r c e s  and  a r e  known
a t  a l l  p o i n t s  o f  t h e  p l a t e ,  t h e  c o r r e s p o n d i n g  c o m p o n en ts  o f  
t h e  m id d le  p l a n e  s t r a i n s  a c c o r d i n g  to  H ooke’ s l a w  a r e  
g i v e n  b y g




T h e r e f o r e  t h e  s t r a i n  e n e rg y  Vsj due t o  t h e  f o r c e s  
a c t i n g  i n  t h e  m id d le  p l a n e  o f  t h e  u n b e n t  p l a t e  i s s
V,
— 2-V N%N,  ^4-2^14- ^ 3*xdij.v
Now, when t h e  p l a t e  i s  b e n t ,  a d d i t i o n a l  s t r a i n s  a r e  
p ro d u c e d  i n  t h e  m id d le  p la n e *  The change  i n  energy- 
p ro d u c e d  due t o  t h e s e  a d d i t i o n a l  s t r a i n s  i n  a s s o c i a t i o n  
w i t h  t h e  a l r e a d y  p r e s e n t  f i n i t e  f o r c e s   ^ and 
i s  n o t  n e g l i g i b l e *
I f  and  w  a r e  t h e  co m p o n en ts  o f  d i s p l a c e m e n t
o f  a  p o i n t  i n  t h e  m id d le  p l a n e ,  t h e  t o t a l  s t r a i n  
com po nen ts  o f  t h e  p l a t e  a f t e r  i t  h a s  b e e n  b e n t  a r e  g i v e n  
b y :
h u  a y
T h e r e f o r e ,  t h e  co m p o n e n ts  o f  a d d i t i o n a l  s t r a i n  i n  
t h e  m id d le  p l a n e ,  due to  th e  d e f l e c t i o n  o r  b e n d in g  o f  th e  
p l a t e  becom es;
—
^  _  "àv  I
■y*
V  ^ U .  S t t  , â w "  à w  Yz z  4"    4-  *
.05
■y*
w h ere   ^ and a r e  g i v e n  by  t h e  r e l a t i o n s  I *03
C o n s i d e r in g  an d  e t c o ,  to  be  s m a l l  i n
c o m p a r is o n  w i t h  6 %, ,^ and  9 i t  i s  r a t i o n a l  t o  assum e
t h a t  th e  f o r c e s  and  r e m a in  c o n s t a n t  d u r i n g  b e n d in g
H en ce , t h e  a d d i t i o n a l  s t r a i n  e n e r g y  V s^ o f  t h e  p l a t e  




IX 4- 2 a
1%
S u b s t i t u t i o n  i n  t h e  l a s t  i n t e g r a l  f ro m g i v e s ;
4- 2
X  ----  -4*
3%.
3 i r
“X ( a x j
% 4” N h
4-
+  2 . I
® 3%.
I'X 4 - Z U 4 - iX.
Now, t h e  t o t a l  s t r a i n  e n e r g y  o f  t h e  p l a t e  i s  t h e  sum o f  
t h e  s t r a i n  e n e r g y  c o n t e n t  due  t o  t h e  f o r c e s  a c t i n g  i n  t h e  
m id d le  p l a n e  o f  t h e  u n b e n t  p l a t e ,  t h e  e n e r g y  o f  b e n d in g  and  
t h e  a d d i t i o n a l  s t r a i n  e n e r g y  o f  t h e  p l a t e  a s s o c i a t e d  w i t h  
s t r a i n s  p ro d u c e d  i n  t h e  m id d le  p l a n e  due t o  b e n d in g *
i . e .  V  =  V s, +  \ I q  +  Vs^
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I n t r o d u c i n g  A i r y ’ s S t r e ^  F u n c t io n  F ,  such, t h a t ;






"  3 x 3 ^
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t h e  t o t a l  s t r a i n  e n e rg y  o f  t h e  p l a t e  becom es
u ,
3>ur
# F  3' 4-
'e
4r
2 E  
ev
3 f
2 3  V  â x .
3n r
3 % 3 x 3
_ t  2 V ^ F _ _
\ 3 x ? 5  y
%
V f p ( 3 w -y  ,
/ ' s y /
4- dU^
1*1 DERIVATION OP THE BASIC EQUATIONS PROM 
THE ENERGY INTEGRALS*
S in c e  t h e  e x p r e s s i o n  f o r  s t r a i n  e n e r g y  V d o e s  n o t  
c o n t a i n  d e r i v a t i v e s  h i g h e r  t h a n  se c o n d  o r d e r ,  t h e  fo rm s  o f  
E u l e r ’ s E q u a t i o n s  g e n e r a l i s e d  f o r  two v a r i a b l e s  (See  A p p e n d ix  1 )  
r e d u c e  to  ;
i L  <b + = o
4Vr 3%
a
X 7 C .
a"
yV
N o tin g  th a t  d e n o te s  th e  in te g r a n d
a p p l ic a t io n  o f  e q u a tio n s  l o l l  to  th e  en ergy  i n t e g r a l s  I 
g iv e s ;
3 3% 3 x ^  3 x  /  2  3 y ^  (^3 9C
1 3  /  34at\  3  3 w' ^ 1 ^ 3  3 F
2  3%"^ I  /  3 x 3 ^  3«X E  \ 3 ^ ^  3^=
3 3x^ 3%  ^ 3  3  *^ z 3 y  ^ 3x3y. 3x3^^
^  .2 V . 2 f L  1 = 0    t . l3
0 x 3 ‘j  y  
Nowo s in c e
1 3 /  3>ur\  __ /  3 ^  A
2- L 3%: /
1 ^  _  / 3 i> r \  b u r  ) \ r
2  3%^ L a y /  ~  ) y 3 x ?
I 3 3 ^  B'ur /  3  haT \  , 3  3  w~ 3 aaT 3 -iaT 3 w* 3 -uand —-------      =. f —------- I 4“     +-------------r—it  ----
3 x 3 ^  3 x  \ 3 x 3 y y  3'^"3x 3 ^  3 ^ 9 x  3)c 3 y %
th e r e fo r e  t « 13 becom es;
2 .  J ! l  +  ^  )
3 x 4  y
o
o r
1 1 +  2 - 3-^F + a^F3 X?
= E a V  '
3x33,
è V .14
S i m i l a r l y ,  t h e  a p p l i c a t i o n  o f  e q u a t i o n  I o i l  g i y e s
^ 2 . a  F 3  B-ut




3xJ^ 3 x '
4- 2
4" a dS f) 3  3  iaT
3x?-
4-  2
3 y ^  3 x ?
. ( l - v ) h \ r
3y2 .
-F
3^ 3\vT o 3
3*aJ
_ 2 3 \ vT 1





a^ iT aiW __ -fy, f  3^  F 3\y 3 F ^\at 2 aV* a\\T
3y4" 3  \  3»^ ®- 3%!^ 3x^  a^'2- 3 x 3 y  3x3;
M S
Thus, u t i l i s i n g  th e  E u l e r ’ s e q u a t io n s  th e  minimum 
en erg y  c o n d i t i o n  i s  r ed u ced  to  th e  s o l u t i o n  o f  e q u a t io n s  
1*14 and 5 * 15* These e q u a t io n s  are  th e  Yon Karman 
d i f f e r e n t i a l  e q u a t io n s  f o r  " la rg e"  d e f l e c t i o n  o f  p l a t e s *
1 .2  APPROXIMTE METHOD OP SOLUTION.
At p r e s e n t ,  to  th e  b e s t  o f  a u t h o r ’ s k n ow led ge , th e r e  
are  no m ethods a v a i l a b l e  f o r  the  r ig o r o u s  m a th em a tica l  s o l u t i o n  
o f  th e  la r g e  d e f l e c t i o n  p l a t e  e q u a t io n s*  Prom th e  a p p l ie d  
p o in t  o f  v iew  i t  i s  o f  g r e a t  im portance  to  have a s o l u t i o n  
p r e d i c t i n g  the  a c t u a l  p h y s i c a l  b e h a v io u r  o f  a p a r t i c u l a r  
c a s e  co n s id er ed *  Thus th e  r ig o r o u s  s o l u t i o n s  are  im p ortan t  
from t h i s  a s p e c t  a s  lo n g  a s  th e  fun dam enta l a ssu m p tio n s  
in v o lv e d  a n d ,th e  boundary c o n d i t i o n s  c o n s id e r e d  i n  the  
a n a l y s i s  are  i n  agreem ent w ith  th e  p r a c t i c a l  a s p e c t s  o f  the  
problem* Approximate m ethods become p a r t i c u l a r l y  v a l u a b le ,  
i f  such r ig o r o u s  s o l u t i o n s  are  i n t r a c t a b l e *  A ga in ,  
approxim ate m ethods sh o u ld  be such t h a t  a l l  s i g n i f i c a n t  
boundary c o n d i t i o n s  are  ta k e n  i n t o  a c co u n t  in  th e  s o lu t io n *
I t  i s  im portant a t  th e  same t im e  t h a t  th e  d e d u c t io n s  from  
th e  approxim ate s o l u t i o n s  sh ou ld  be a b le  to  p r e d i c t  the  
a c t u a l  b e h a v io u r  a d e q u a te ly *  T h is  may be t e s t e d  by 
com parison  o f  th e  a n a l y t i c a l  r e s u l t  o b ta in e d  w ith  t h a t  o f  
ex p e r im en ts  r ep r o d u c in g  th e  c o n d i t i o n s  i n v e s t i g a t e d *
In  th e  f o l l o w i n g  an approxim ate  method, based  on 
G a le r k in ’ s  theorem  [ l ? ]  i s  p r e se n te d *  T h is  method i s  
c o n s id e r e d  o f  p a r t i c u l a r  v a lu e  i n  a p p l ie d  i n v e s t i g a t i o n s  
b ecau se  o f  i t s  s i m p l i c i t y *
1*3 GALERKIN’ S METHOD.
I t  was se e n  t h a t  th e  problem  o f  m in im iz in g  th e  g e n e r a l  




by im p o sin g  th e  a r b i t r a r y  v a r i a t i o n  sind
i n  W and F r e s p e c t i v e l y  , l e d  to  th e  e q u a t io n s  
(S ee  page Appendix 1);
L  =  o  '
and
ff L  =  o  — — ---------------- —-------- — -------- ,1.32
J
where
-  d> _
^  3  (j h-xj^  3
a.nd
=  0  
133
are  th e  E u le r ’ s e q u a t io n s  w hich  red u ce  t o  th e  
d i f f e r e n t i a l  e q u a t io n s  f o r  a p a r t i c u l a r  prob lem , and 
32 and f  a re  a r b i t r a r y  f u n c t i o n s  o f  9 w h ich ,  
t o g e t h e r  w ith  t h e i r  p a r t i a l  d e r i v a t i v e s  s a t i s f y  
homogeneous e s s e n t i a l  c o n d i t i o n s  on th e  boundary C  
o f  the  r e g io n  R (A ppendix  I ) *
l e t  and F be app rox im ate  s o l u t i o n s  o f  th e
problem such  t h a t :
"-------------- :--------------------------- *-35
F = ---------------------------------------------- -----------------— — -----  - 1 - 3 6
where the  in d ep en d en t  f u n c t i o n s  and each
s a t i s f y  th e  r e s p e c t i v e  boundary c o n d i t i o n s  im posed on 
th e  e x a c t  s o l u t i o n s  and and ^  are  unknown -
c o n s ta n ts *
^  *k «6
In  g e n e r a l ,  a p a r t i c u l a r  v a r i a t i o n  i n  ^
can be s u b s t i t u t e d  f o r  t h e  a r b i t r a r y  v a r i a t i o n  (jXp
S i m i la r l y  S f  can  be u sed  to  r e p la c e  g vj/ *
Now from J *55 and
By s u b s t i t u t i o n ,  t h e  l e f t  han d  s i d e s  o f  
e q u a t i o n s  I *31 and  I *32 becomes
f L(k/) ^  dx a»a f L(F
]  6 . ,  àc<* JJg_
E q u a t io n s  1*53 and i *34 are  a s s o c i a t e d  w i th
th e  e x a c t  s o l u t i o n s  and F , t h e r e f o r e  when th e
—  *
approxim ate  s o l u t i o n s  W" and r  a r e  s u b s t i t u t e d  
f o r  tJ° and F , th e  e q u a t io n  1*33 and K34- w i l l  no 
l o n g e r  be s a t i s f i e d  and w i l l  r e s u l t  in s
L. (w" j  =  ^ w h ere  ^  O and L ( F )  =
where 0
I f  and , c a l l e d  th e  e r r o r
f u n c t i o n s ,  are  s u f f i c i e n t l y  sm a ll  th e n  w  and r  
(w hich  i t  i s  t o  be remembered s a t i s f y  th e  boundary
c o n d i t i o n s  e x a c t l y )  can be rega rd ed  a s  s a t i s f a c t o r y  
approxim ate s o lu t io n s *  Thus th e  problem r e d u c e s  to  
s e l e c t i n g  and ^  so a s  to  m in im ize  the  e r r o r
fu n c t io n s *
A r e a s o n a b le  m in im iz in g  te c h n iq u e  was su g g e s te d  
by G a le rk in  a s  f o l l o w s ;  l e t  th e  tr u e  s o l u t i o n s  W"
oo
and F  be r e p r e s e n t e d  by th e  s e r i e s  ‘Ur
oo S  I
and F = 2 1 wi t h  s u i t a b l e  p r o p e r t i e s  and suppose  
t h a t  L(AAj-*)-^L(u)and L ( f  ) — L^f )  a s  t  *
A lso  assume t h a t  th e  a r b i t r a r y  f u n c t i o n s  ^
o o
and can be r e p r e s e n t e d  i n  th e  s e r i e s  ^ =  2 1 ^ ^
oo _
and 4^= where c* and are  a r b i t r a r y
3» I
c o n s ta n t s *  Then ( n o t in g  t h a t  and are
v a r i a t i o n s  i n  a r b i t r a r y  c o n s t a n t s  and t h e r e f o r e  are  
n o t  z e r o ) ,
=  O as 1.38
and rr  L (  F } — . JlxJLw =  o  t  —oi-*» ------------- ---------- 1.39
J J r *^ =’ 9  ^
demand t h a t  e q u a t io n s  1*31 and 1*32 be s a t i s f i e d
r e s p e c t i v e l y *  (Note t h a t  = i/<sr^ and -  Fs ' ) .
Now s in c e  e q u a t io n s  Î 3 t  and î *32 l e a d  to  S .
and I *34", i t  can be s t a t e d  t h a t  th e  c o n d i t i o n s  J 
and I *39 are  e q u i v a l e n t ,  r e s p e c t i v e l y  to  e q u a t io n s  
L(w-^=0 and L(F') =  o  a s  b * T h is  argum ent depend s,
o f  c o u r s e ,  on th e  p roper  b e h a v io u r  and s e l e c t i o n  o f  
th e  s e r i e s  in v o lv e d *
Now f o r  a tr u e  s o l u t i o n  th e  e r r o r  f u n c t i o n s  
v a n is h  i d e n t i c a l l y  ( e q u a t io n s :  1*33 and S*34)* For 
an approxim ate s o l u t i o n  w i th  a r e s t r i c t e d  number t
o f  p a ram eters  th e  b e s t  t h a t  can be done i s  to  a d j u s t  the  
c o n s t a n t s  and so t h a t  and 7»
s t a y  c l o s e  t o  zero  th ro u g h o u t  th e  r e g io n *
The f o r e g o in g  argument l e d  G a le rk in  t o  su g g e s t '  
f o r  th e  e r r o r  f u n c t i o n  and L ^ F * ) a s e t  o f
c o n d i t io n s ;
=  O
Y i e l d i n g  a s e t  o f e q u a t io n s  f o r  th e  d e t e r ­
m in a t io n  o f  the  c o n s t a n t s  ^  e t c * ,  and* e t c * ,
g i v i n g  th e  approxim ate  s o l u t i o n s  ^(p^o  and
Thus G a le r k in ’ s Method c o n s i s t s  o f  assum ing an  
app rox im ate  s e r i e s  w i t h  unknown c o n s t a n t s ,  f o r  th e  gov= 
e r n in g  f u n c t i o n s ;  each  term  o f  th e  æ r i e s  s a t i s f y i n g  
a l l  o f  th e  s i g n i f i c a n t  boundary c o n d i t io n s *  These  
approxim ate  f u n c t i o n s  a re  s u b s t i t u t e d  i n t o  th e  
d i f f e r e n t i a l  e q u a t i o n s ,  m u l t i p l i e d  each  tim e by t h e i r  
p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  th e  unknown 
c o n s t a n t s  and e q u a t io n s  o f  th e  ty p e  1 *310 formed*  
S o lu t io n  o f  t h e s e  e q u a t io n s  s im u l t a n e o u s ly  d e te r m in e s  
th e  unknown c o n s t a n t s  and h en ce  th e  approxim ate  
s o l u t i o n s *
The j u s t i f i c a t i o n  o f  th e  G a le r k in ’ s method has  
a l s o  been  approached by th e  c o n s i d e r a t i o n  o f  th e  
method o f  " l e a s t  mean Square Error*"
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I t  i s  c l e a r  t h a t  t h e  l a b o u r  i n v o lv e d  i n  
o b t a i n i n g  a p p ro x im a te  s o l u t i o n s  by G a l e r k i n ’ s M ethod 
r i s e s  r a p i d l y  a s  t h e  num ber t  o f  t h e  in d e p e n d e n t  
f u n c t i o n s  i n c r e a s e s *  H ence , f o r  d e t e r m i n i n g  a  
p a r t i c u l a r  mode o f  a  p ro b le m ,  i t  i s  a d v a n ta g e o u s  to  
em ploy a  s m a l l  num ber o f  f u n c t i o n s  w h ic h  a r e  known 
t o  r e s e m b le  t h e  r e q u i r e d  mode* Thus t h e  c h o ic e  o f  
t h e  f u n c t i o n s  s h o u ld  be g u i d e d  by  t h e  g r e a t e s t  
p o s s i b l e  know ledge  o f  a n a lo g o u s  p ro b lem s*
I t  h a s  b een  shown b o th  i n  t h i s  t h e s i s  and i n  
R e fe r e n c e s  [26] and [2?] t h a t  i f  th e  f u n c t i o n s  are  
w e l l  c h o se n  e x c e l l e n t  a p p r o x im a t io n s  can be o b ta in e d  
by th e  u se  o f  a V e r y ' s m a l l  number o f  f u n c t io n s *
e d g e  f i x i t y  Æ
Z
a
e d g e  f i x i t y /%,
L o a d e d  e d g e s  sim ply  
s u p p o r te d
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loh PORI l^ULATIOU OP APPROXIMATE P0RM8 FOR STRESS
FUNCTION F  AND DEFLECTION 4 T IN  SELECTED CASESo 
I t  i s  c l e a r  t h a t  the  f i r s t  e s s e n t i a l  r eq u irem en t  
f o r  th e  app rox im ate  s o l u t i o n  o f  th e  la r g e  d e f l e c t i o n  
e q u a t io n s  f o r  d i f f e r e n t  c a s e s  o f  r e c t a n g u la r  p l a t e s  
s u b j e c t e d  to  l e n g t h w is e  c o m p r e ss iv e  a c t io n s ^  i s  the  
fo r m u la t io n  o f  app rox im ate  form s o f  F  and tsT o 
In  the  f o l l o w i n g ,  two g e n e r a l  o a s e s  o f  r e c ta n g u la r  
p l a t e s  are  c o n s id e r e d  and from t h e i r  r e l e v a n t  boundary  
c o n d i t i o n s ,  th e  approxim ate  form s o f  F and ^  are  
d e r iv e d o  Only one unknown c o n s t a n t  i n  ea ch  s e r i e s  i s  
c o n s id e r e d  i n  th e  p r e s e n t  a n a l y s i s  f o r  s i m p l i c i t y ;  the  
proced ure  i n d ic a t e d  however b e in g  e q u a l ly  a p p l i c a b l e  to  
s e r i e s  w ith  more th a n  one c o n s ta n t*
Case (a )  F l a t  R e c ta n g u la r  P la t e  U n iform ly  Compressed
Along Two O p p o site  Sim ply SUp%)orted Edges And 
Having Equal Or U n -eq u a l Edge F i x i t i e s  A long  
The O ther Two Edges*
FigoQO shows such  a p l a t e ,  the  co m p re ss iv e  a c t i o n  
i s  un iform  a lo n g  X — and % -  cL s th e  s im p ly  su p p orted  
e d g e s ,  and i s  d en o ted  by f o r c e  per  u n i t  le n g th *
The e l a s t i c  c o e f f i c i e n t  o f  edge f i x i t y  (Moment per u n i t  
s lo p e  per u n i t  l e n g t h )  f o r  th e  edge i s  d en oted  by
^  and f o r  th e  edge — k by *
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S t r e s s  F u n c t io n  F  s
The s t r e s s  f u n c t i o n  F  m u s t  s a t i s f y  a l l  o f  th e  
f o l l o w i n g  b o u n d a ry  c o n d i t i o n s s
2^—o a t  and =.
VI^  ^ a t  % — O and % -
and ^ ^  - - o  a t  %. =.o  s o  and .
® 3% 3 y
The g e n e r a l  form o f  th e  s t r e s s  f u n c t i o n  w hich  
s a t i s f i e s  a l l  t h e s e  boundary c o n d i t i o n s ,  a s  fo r m u la te d  
i n  Appendix Z  page i s s
+ p  - - ^  ^
2-fv  '•
where p  may be a c o n s t a n t ,  a f u n c t i o n  o f  9C a n d /o r  
a f u n c t i o n  o f  ^  *
I t  i s  r a t i o n a l  to  assume t h a t  d i s t r i b u t i o n
i s  sy m m etr ica l  when ^  ^ and u n sy m m etr ica l  when
o Thus th e  problem  r e d u c e s  t o  s e l e c t i n g  p  
i n  such  a way t h a t  ] d i s t r i b u t i o n  a c r o s s  any
s e c t i o n  p a r a l l e l  to  th e  ^  =- a x i s  i s  sy m m e tr ica l  f o r  
and u n sy m m e tr ica l  f o r  *
To a v o id  th e  m a n ip u la t iv e  d i f f i c u l t y  in tr o d u c e d  
by th e  p e r m it te d  v a r i a t i o n s  o f  and from z e r o  to
i n f i n i t y  a f u n c t i o n  ^  i s  ta k e n  such  t h a t  when and 
/Cj v ary  from z e r o  t o  i n f i n i t y  9^  assum es th e  v a lu e s  
b etw een  - 1  and +1; th u s
w h e r e  U> =







A g a in g s i n c e  f o r  e q u a l  n u m e r ic a l  v a l u e s  o f  
w it h  o p p o s i t e  s i g n s  th e  two c a s e s  a re  m irr o r  im ages o f  
each  o t h e r g th e  problem  cag6 e s i m p l i f i e d  by im p o sin g  ; 
th e  c o n d i t i o n  t h a t  k> i s  a lw a y s  e q u a l  to  or  g r e a t e r  th an  
/L, 9 i n  w hich  c a s e  jÿ v a r i e s  from z er o  to  +lo
i s  th e n  in tr o d u c e d  i n  th e  f u n c t i o n  Ç  a s
f o l l o w s s
P = ( 2 - b
where ^  i s  an a r b i t r a r y  c o n s t a n t*
I t  i s  s e e n  t h a t  ^ i s  a c o n s t a n t  f o r  ^  o  
and g i v e s  a sy m m e tr ic a l  6 ^  d i s t r i b u t i o n *  For any o t h e r  
v a lu e  o f  ^  (/L i t  g i v e s  an u n sy m m e tr ica l  6%%
d i s t r i b u t i o n  w i t h  r e s p e c t  to  t h e  c e n t r e  l i n e  o f  th e  p la t e *  
The s t r e s s  f u n c t i o n  th e n  b eco m es§
o r
2
w here  S  =  \2 .  +  2  
and  X  =  ^
The v a r io u s  d i s t r i b u t i o n s  a t  ^  =  %  f o r
d i f f e r e n t  v a l u e s  o f  ^  a re  shown i n  P ig*
D e f l e c t i o n  Form &T »
In  d e r iv i n g  th e  d e f l e c t i o n  form o f  th e  p l a t e 5, the  
form i s  presumed t o  be a s i n e  wave i n  th e  x  = d i r e c t i o n ;
4 6
th e  s i d e s  X =. O and ex. b e in g  s im p ly  supported*  In  th e  
^  — d i r e c t i o n  a s im p le  a n a lo g y  i s  u sed  t o  fo r m u la te
th e  d e f l e c t i o n  form, 
Appendix 2  page  
a s :
The d e t a i l s  o f  t h i s  are  shown in  
T h is  method g i v e s  th e  d e f l e c t i o n
Stw,




w h ich  s a t i s f i e s  a l l  o f  the  f o l l o w i n g  boundary c o n d i t i o n s
A c  + V A s£- = o
At X .  =  O
a n d  X  =  cx
=  O
= o
AT =  O
=  O
At =  b
A, 7 E>, and  C, a r e  c o n s t a n t s  and  a r e  g i v e n  by:
A, = 3 l .b^
B , = 1.43a
e d g e  f i x i t y  A -------- -
o /
i






\  : 
f r e e -------^  U - N x
L o a d e d  e d g e s  sim ply 
' s u p p o r te d
Y





where ^  and b are  th e  p l a t e  d im e n s io n s  i n  th e  x . and 
d i r e c t i o n s  r e s p e c t i v e l y  and
^44  b 4- 4 8  4- 4 2  ^ b  4- 12 b
t  = 2 4  4- 8 ^ 6  4 - 2 ^ b
J
i s  th e  number o foL i s  an a r b i t r a r y  c o n s t a n t  j and 
h a l f  s in e  waves*
Case (b) P l a t  R e c ta n g u la r  P l a t e  U n ifo rm ly  Compressed  
A long Two O p p o s ite  Sim ply Supported Edges E l a s t i c a l l y  
P ix e d  A long One Edge And Free A long The Other*
The p l a t e  shown i n  Pig*(fiS) h a s  u n iform  c o m p re ss iv e  
lo a d  p e r  u n i t  l e n g t h  a p p l ie d  a lo n g  th e  s im p ly  
su p p o rted  e d g e s  O a n d x  = OL * The edge i s
e l a s t i c a l l y  f i x e d s  th e  c o e f f i c i e n t  o f  edge f i x i t y  b e in g  
k, 9 and th e  edge  b  i s  f r e e *
S t r e s s  F u n c t io n
P r o c e e d in g  i n  a manner s i m i l a r  to  t h a t  f o r  Case (a)p  
th e  s t r e s s  f u n c t i o n  a s  shown i n  Appendix % page i s  
o b ta in e d  a ss
+ x )  ”
DISTRIBUTION O F STRESS
- 4 C
where ^  i s  a c o n s ta n te
The s t r e s s  f u n c t i o n  s a t i s f i e s  th e  f o l l o w i n g  boundary  
c o n d i t i o n s  c o n s id e r e d  s i g n i f i c a n t s
4 g
o i  =  - à f _  =  o a t
-L
a t  X. —o  and
and = , — =. O a t  'g z= o , and % = cL
The d i s t r i b u t i o n  o f  0 ^  a lo n g  th e  s e c t i o n  
i s  shown i n  P igo
D e f l e c t i o n  Form
In  t h i s  c a s e ,  a l s o ,  i t  i s  assumed t h a t  th e  d e f l e c t i o n  
form i n  th e  d i r e c t i o n  i s  a s in e  w ave, w h i le  i n  th e  
d i r e c t i o n  i t s  f o r m u la t io n  on l i n e s  somewhat d i f f e r e n t  
from th e  p r e v io u s  c a s e  i s  shown i n  A ppendix I I  page o 
The d e f l e c t i o n  form  th e n  becom ess
L b  Z^feb-f2.)b
where and a r e  o b t a in e d  from (S ee  Appendix)
b42b
I 2 ( \ i  4 - 6  6 ,  +  - J È   =





f o r  any  p a r t i c u l a r  v a l u e s  o f  V t h e  P o i s s o n * s r a t i o p  
'  ,VY\ t h e  number  o f  h a l f  s i n e  waves  CK and  b  t h e  p l a t e  
d i m e n s i o n s  and ^  t h e  c o e f f i c i e n t  o f  edge  f i x i t y o  
The d e f l e c t i o n  f o rm  s a t i s f i e s  a l l  t h e  f o l l o w i n g  
b o u n d a r y  c o n d i t i o n s s
110“ =. o
2 >v  ^ V -iV- = o
J
At X = o
a n d  K  =• 0“
=  O
zzz. O
l î £  +  V =  o
à  /UT .  /o M  \  d /UT(2 -V ) = o
J
At «g =5 b
s o
SlECTllQIKl 2.
ELASTIC CRITICAL LOAD EVALUATION
S I
ELASTIC CRITICAL LOAD EVALUATION
2 06 ELASTIC CRITICAL LOADo
I n  c a l c u l a t i n g  t h e  l o a d  a p p l i e d  i n  t h e  m id d l e  p l a n e  
o f  t h e  p l a t e  w h ic h  w i l l  p r o d u c e  e l a s t i c  i n s t a b i l i t y ,  ioBo 
t h e  c r i t i c a l  l o a d ,  i t  i s  assum ed  t h a t  i n i t i a l l y  t h e  p l a t e  
i s  p e r f e c t l y  f l a t *  I f  t h e  u n i f o r m  c o m p r e s s i v e  l o a d  
a p p l i e d  t o  t h e  p l a t e  i s  l e s s  t h a n  i t s  c r i t i c a l ,  t h e  
p l a t e  r e m a i n s  p e r f e c t l y  f l a t  and  u n d e r g o e s  o n l y  a n  a x i a l  
com press ion®  T h i s  i m p l i e s  t h a t  t h e  f l a t  fo rm  o f  
e q u i l i b r i u m  i s  s t a b l e ,  i®e® i f  a  l a t e r a l  load i s  a p p l i e d  
t o  t h e  p l a t e  p r o d u c i n g  a  s m a l l  d e f l e c t i o n ,  t h i s  
d e f l e c t i o n  d i s a p p e a r s  when t h e  l a t e r a l  f o r c e  i s  removed 
and  t h e  p l a t e  becomes f l a t  a g a i n o  However ,  i f  t h e  
a p p l i e d  c o m p r e s s i v e  l o a d  i s  g r a d u a l l y  i n c r e a s e d ,  a  
c o n d i t i o n  i s  r e a c h e d  when t h e  s t r a i g h t  fo rm  o f  
e q u i l i b r i u m  c e a s e s  t o  be  s t a b l e  and a  s l i g h t  l a t e r a l  
l o a d  p r o d u c e s  a  d e f l e c t i o n  w h ic h  d o e s  n o t  d i s a p p e a r  when 
t h e  l a t e r a l  f o r c e  i s  removed® The c r i t i c a l  l o a d  i s  
t h u s  d e f i n e d  a s  t h e  s m a l l e s t  a x i a l  l o a d  w h ic h  w i l l  
m a i n t a i n  a  d e v i a t i o n  f ro m  t h e  f l a t  fo rm  o f  e q u i l i b r i u m ,  
o r  c o n v e r s e l y ,  t h e  l a r g e s t  a x i a l  l o a d  w h ic h  t h e  p l a t e  
may s u p p o r t  i n  i t s  i n i t i a l l y  f l a t  c o n f i g u r a t i o n  and 
w h ic h  p r o d u c e s  i n  t h e  p l a t e  o n l y  a c i a l  com press ion®
A l t h o u g h ,  f o r  t h e  c a l c u l a t i o n  o f  c r i t i c a l  l o a d ,  
i t  i s  s u f f i c i e n t  t o  s o l v e  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  
t h e ‘d e f l e c t i o n  fo rm  I ® î 5 |  a p p r o x i m a t e  s o l u t i o n s ,  u s i n g  
G a l e r k i n * s  M ethod ,  o f  b o t h  t h e  l a r g e  d e f l e c t i o n  p l a t e
e q u a t i o n s  î ®Î 4  and  I®15 h ave  b e e n  i n c l u d e d ,  i n  t h e  
f o l l o w i n g ,  f o r  t h e i r  l a t e r  u s e  i n  t h e  e v a l u a t i o n  o f  p o s t  
b u c k l i n g  maximum loads®
Case ( a )  F l a t  R e c t a n g u l a r  P l a t e  U n i f o r m l y  C om pressed  
A long  Two O p p o s i t e  S im p ly  S u p p o r t e d  S i d e s  
and  H av ing  E q u a l  o r  U n - e q u a l  E l a s t i c  F i x i t i e s , 
A long  The O t h e r  Two S i d e s ®
The s t r e s s  f u n c t i o n  and t h e  d e f l e c t i o n  f o r m ,  
s a t i s f y i n g  t h e i r  r e l e v a n t  b o u n d a ry  c o n d i t i o n s ,  f o r  
t h i s  c a s e  a r e  g i v e n  by  e q u a t i o n s  I a  and  I ®42a 
r e s p e c t i v e l y ®  To c o m p l e t e ■t h e  a p p r o x i m a t e  s o l u t i o n ,
^  and  oC t h e  unknown c o n s t a n t s ,  w i l l  now be 
d e te rm in e d ®  »
A p p ly in g  C a l e r k i n ' s  Method t o  t h e  l a r g e  d e f l e c t i o n  
p l a t e  e q u a t i o n s  1 ®1 4  an d  i ®1S, t h e  f o l l o w i n g  e q u a t i o n s  
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2.02a
S u b s t i t u t i n g  t h e  e x p r e s s i o n s  f o r  and  F 
i n  e q u a t i o n s  2 ®ûta and  2®02a and  i n t e g r a t i n g ,  t h e  f o l l o w i n g  
two s i m u l t a n e o u s  a l g e b r a i c  e q u a t i o n s  i n  0  and  a r e  
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VALUES OF C
Loaded t d | a  limply 
«ipportcd
■ •41-2.'■O06
VALUES O F  C





VALUES O F  C
Leaded edges «imply 
•upportid
Ft  ^ . 0 6 ’)
I
5 ^ 6
4-ïoSfS 4- _  j iAA S _  M5,C, % 2 8 B ,c A  1
' B  q  3  3 / 7
f-6A,6,+8^T-i- -A ,A T  -f - î ^ | ^  - ^ 4 _ a ± £ -  
2-7
q
2 (4A.C| . (IB.C.T . 4 C,  S  \  I . T C , ‘1 2 6 "  -  V +' ^  C| / 5" (2.
-2.*Q4a
S o l v i n g  t h e s e  e u q a t i o n s  f o r  and  oC and n o t i n g  t h a t  
t h e  l a t t e r  c a n n o t  he  z e r o  t h e  f o l l o w i n g  e x p r e s s i o n s  r e s u l t s
P  =  c 'M L  +  H x V  ____  2 .0 5 a
^  and
m
where C ,  and a re  c o n s t a n t s :  t h e i r  v a l u e s  dep en d in g
upon ^\n ,  and • P l o t t e d  v a l u e s  o f  C \  O'^
and a g a i n s t  th e  a s p e c t  r a t i o  f o r  s e l e c t e d
and A, b v a l u e s  a re  shown i n  P ig s « ( tS ,  l 6)and (17) r e s p e c t i v e l y »  
For b u c k l in g  under s m a l l  d e f l e c t i o n  c o n d i t i o n s  =  
c o n s t a n t  h en ce  ^ = 0  , and e q u a t io n  2 . 0 5 a .  becom es:
_  c ' D
I T  c"'  &
or .. =r- where K =  —G_
c "
The n u m e r ic a l  c a l c u l a t i o n s  o f  e q u a t i o n s 2 .0 3 a  and2.< 
were perform ed on a DEUCE com p u ter .
P l o t t e d  r e s u l t s  o f  v a r io u s  c a s e s  are  g iv e n







/  I e . X^b. U
•it 4* 'A^ ' f
L M d c d  t d ] ( <  tim M y W*PWMd
P i ^ .  ( 2 ^
i n  P i g  o(5S) t o  (24) i n c l u s i v e  o A d d i t i o n a l  c u r v e s  f o r  
TR = 3s e t c o  may be  o b t a i n e d  by k e e p i n g  t h e  K o r d i n a t e  
t h e  same b u t  m u l t i p l y i n g  t h e  c o r r e s p o n d i n g  o r d i n a t e
by  t h e  v a l u e  o f  m  o T h i s  c o n s t r u c t i o n  i s  i n d i c a t e d  i n  
P ig o  (IB) o
V a l u e s  o f  K  c a l c u l a t e d  f o r  a  s i m p ly  s u p p o r t e d  
p l a t e  by G a l e r k i n ' s  m ethod  and t h e  c o r r e s p o n d i n g  v a l u e s  
g i v e n  by T imoshenko [ l ]  u s i n g  t h e  c l a s s i c a l  e q u a t i o n  
method a r e  g i v e n  T a b l e  l o  I n  T a b l e s  2 and  3 v a l u e s  o f  
K  f o r  two o t h e r ^ c a s e s  a r e  com pared  w i t h  t h o s e  o b t a i n e d  
by  JoM. H a rv e y  [ l 8 ,  i g j *
To o b s e r v e  t h e  e f f e c t  o f  t h e  c h o i c e  o f  d e f l e c t i o n  
f o rm  on t h e  c r i t i c a l  s t r e s s ,  G - a l e r k i n ’ s e q u a t i o n s  2 e 0 l a  
2 o 0 2 a  were  s o l v e d  by s e l e c t i n g  d i f f e r e n t  d e f l e c t i o n  f o r m s  
f o r  two o f  t h e  c a s e s o  R e s u l t s  o f  c r i t i c a l  s t r e s s e s  f o r  
a  s i m p ly  s u p p o r t e d  s q u a r e  p l a t e  an d  a  b u i l t - i n  r e c t a n g u l a r  
p l a t e  a r e  g i v e n  i n  A p p e n d ix  I I I *  I t  i s  s e e n  t h a t  good 
a g r e e m e n t  i s  o b t a i n e d « I t  i s  p e r m i s s i b l e  t o  c o n c l u d e ,  
t h e r e f o r e ,  t h a t  t^he ' a c c u r a c y  o f  G a l e r k i n ® s  m ethod  i s  v e r y  
l a r g e l y  i n d e p e n d e n t  o f  t h e  f o rm  a s su m e d ,  p r o v i d e d  t h e  
b o u n d a r y  c o n d i t i o n s  a r e  s a t i s f i e d *
T a b le  1 C o m p ar i so n  o f  V a l u e s  o f  i \  f o r  U n i f o r m ly  
C om pressed  S im p ly  S u p p o r t e d  R e c t a n g u l a r  
P l a t e  A .b= /^ ,b = 5  0 o
a / b 0 . 4 0o5 Oo6 0 . 7 0*8 0 . 9 1 . 0
+
K
8 3 .0 0 9
61*692
5 0 .7 1 7
4 4 . 7 2 8






8 3 .0 0 3
6 1 .6 8 3
5 0 .7 2 9
4 4 .7 0 9
4 1 .7 0 9
3 8 .8 7 3
3 9 . 4 7 8
T a b le  2 C o m p a r i so n  o f  V a l u e s  o f  K f o r  U n i f o r m l y  
C om pressed  R e c t a n g u l a r  P l a t e  S im p ly  S u p p o r t e d  Along  One 
U n lo a d e d  Edge And E l a s t i c a l l y  P i x e d  Along t h e  O t h e r  
I • 0
a/b Oo6 , 0 . 8  0 . 9  1 . 0  1 . 1  1 . 5
r  5 1 .3 8 6  4 2 .6 5 5  4 1 . 3 9 9  4 1 . 2 9 8  4 2 . 0 3 3  4 5 .3 0 9
K  5 1 .8 6 4  4 2 .8 1 4  4 1 . 3 6 0  4 1 .0 8 6  4 1 .5 1 6  4 5 .4 4 6
T ab le  3 C o m p ar i so n  o f  V a lu e s  o f  K. f o r  U n i f o r m ly  
Com pressed  B u i l t - i n  -  S im p ly  S u p p o r t e d  
R e c t a n g u l a r  P l a t e  %b=OO)^,ba0»
o u
<*/b 0 . 6 0 . 7 0 . 8 0 . 9 1 . 0 1 . 1
5 8 .8 7 5 5 4 .7 4 7 5 3 .6 5 6 5 4 .5 3 4 5 6 .8 1 7 6 0 .1 8 6
5 9 .8 0 0 5 5 .1 6 5 5 3 .3 3 3 5 4 .3 0 4 5 6 .7 4 2 6 0 ,3 5 0
t  V a l u e s  d r e i v e d  by A u t h o r .
*  V a l u e s  g i v e n  by  T im o sh e n k o - 
^  V a l u e s  g i v e n  by  H a r v e y .
Case  (b )  P l a t  R e c t a n g u l a r  P l a t e  U n i f o r m l y
C om pressed  A long  Two O p p o s i t e  S im ply  
S u p p o r t e d  E d g es  E l a s t i c a l l y  P i x e d 
A long  One And P r e e  A lo n g  t h e  O t h e r s  
The s t r e s s  f u n c t i o n  and t h e  d e f l e c t i o n  f o r m ,  
i n  t h i s  c a s e ,  a r e  g i v e n  by  e q u a t i o n s  I .41b and 1.42b 
r e s p e c t i v e l y .  S u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  f o r  F 
and  i n  G a l e r k i n ' s  e q u a t i o n s  2  O la  and  2 o 0 2 a ,  and  i n t e g r a t i n g  
g i v e 3§
128 128 b + g o .  1
1575a? 110250. 1575b J o  60 )
y4 A ^  > . I /  . Q c ^ .
-  )  T  ^
t ' k '  n  a”  \  I I /  8 A .  ^  6 & t b  .
2 ^ b + 2 ) ’  1 ^  \ ^ + 2 )  ( f c b + 2 )  ^ + Z )
I7AR1+—  (  . _ ^ ^ _ _  _ ______'___________4-Aafe-b
' '^ ^1 5 V(^t>4-2) ( ^  + z y  2(feb+2)*- C^ b + 2.)
1 É . \  4. J _ Z l â k _  _  4  A^ 3 & t b  ■ ^
2 . I 4  \ ^  +  2)^ ( t b  +  2 )  ( b b + 2 )  /  3
3 6^ \ Jc\>
. ( ^ + l f  ( ^ + 2 )  2 (fcb+2 )7  2 (;tb+2)*- 2 (tb  + 2^_
CL V+»vfTt*- 6 0  /
Z _ 6 B ^  +  _  J / ^ f c k ,  _  3 6 :  1 +  j _
\ ^  +  2 )  Z ^ + 2 y  2 ( t k + 2 )  )  4  1 ^ 4 - 2 )
6 2
3 B ,
(tb4-2) j  3 \ ( ^ + Z )  4-(^b4-2:y
J c b
^ Q i b 'h 2 y
and
^  /  TtfT^ I wTr bH x . t j ’
2 0 ?  2 . 0 . D
i t
L 2 0  / r h  4-
4 -
3 ( ^ + 2 )
- 1-I _ . l2A%Bi, A ^ t b __________ _____
 ^ 8  7(^b+2) 3(/cb+2) 6 ( ^  + 2 )
2 . K
5 " ( t b + l )  4 ( ^ + 2 )
v m V l
CL
1 ^  + 3 A A f
7 A , k b  __________
6-(-%:b-f-2) ^ ( ^ + 2 )  ' 5
&
4  L  - - . L  4 BaA^ b , 2 B4
+  2 )  ( ^ b + 2 )
+
A ^ b * ” . A:b
6 ( - f c b + 2 y  2_(%db-+2:f
4
t i  Ba  1 A%
S’ 4  6(>tb+2)
4
2 ( t b + .2 )
_ v r f  _ 3 _ _ \  
D CL I 60 4vvfî\7 ■)
4-
B t 4 Ac A l b
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4-
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VALUES O F C
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'S’.BaAja\ f  2
\ % b + 2 )  2 ( t b + ^ / \ 6
1V  _  2 J 1
i  8 /
4 B ; Æ J f . Z  2 . 3 ^ b Z A +  _ L _ ( J
/  f eb -+2Y V(^*b+2) ' 2 ^ 2 f / l  ^  7 / 2(;tb+2^W 6 /  ^ 4 - ^ ' '3  5
I n  t h i s  c a s e  a l s o  t h e  v a l u e s  o f  ^  and cC o b t a i n e d
by  s o l v i n g  e q u a t i o n s  2 , 0 1 b and  2 , 0 2 b,  a r e  o f  t h e  f o r m s  5
/  /y
and  2 » 0 é a  r e s p e c t i v e l y « . P l o t t e d  v a l u e s  o f  C „ C
an d  f o r  two l i m i t i n g  c a s e s  a r e  g i v e n  i n  Fig® (2^S> 2
a n d (27) r e s p e c t i v e l y .
As b e f o r e  ^  — 0  g i v e s  t h e  c r i t i c a l  c o n d i t i o n s  and 
Noe.. "V-P w h ere  t h e  v a l u e  o f  K d e p e n d s  upon’ '^CTït "^2.
and  Yn. .
p l o t t e d  r e s u l t s  o f  v a l u e s  o f  K f o r  v a r i o u s  v a l u e s  
o f  and  Vrv a r e  shown i n  F i g . ( 2 6 ) .
V a l u e s  o f  K  f o r  v a r i o u s  c a s e s ,  o b t a i n e d  by  t h i s  
method a r e  com pared  i n  T a b l e s  4 ,  5 9 6  and  7 w i t h  t h e  
c o r r e s p o n d i n g  v a l u e s  g i v e n  b y  T im o she nk a  [ l ] o  
T a b le  k C o m p ar i so n  o f  V a l u e s  o f  K  f o r  a  U n i f o r m l y
Compressed Simply Supported(fcb=o)rx# Free P la te
i  a/b loO 2 . 0 2 . 5
I k . 5 1 5  e . g k k 6 , 0 5 7
K* I k . 222 6 . 8 8 9 6 , 0 2 0
T a b l e  5= C o m p a r i so n  o f  V a l u e s  o f  K f o r  a  U n i f o r m l y
C om pressed  B u i l t - i n =. p o ) a n d  F r e e  P l a t e ,
« v b 1 . 0  1 . 5 2 . 0
1 6 , 9 1 0  1 3 . 2 8 5 1 3 . 7 k 7
^  K* 1 6 . 6 7 9  1 3 . 2 3 0 1 3 . 6 2 0
T a b l e  6 . C o m p ar i so n  o f  V a l u e s  o f  *K* f o r  a
;  U n i f o r m l y  C o m p ressed  E l a s t i c a l l y  F i x e d  
= 2 ' 6 )  and  F r e e  P l a t e .
«Vb 1 . 0  1 . 5 2 , 0  2 . 5
1 5 . 0 0 0  lO.OkO 8 , 8 9 6  8 ,9 7 6
y
K I 4 o 7 1 0  9=968 8 0 8 8 3  8 .8 8 3
T a b l e  7 @ C o m p ar i so n  o f  V a l u e s  o f  f o r  a  U n i f o r m l y
C om pressed  E l a s t i c a l l y  F i x e d  ^ b  =  8 'O )an d  F r e e  
P l a t e  o
P O
q / b  1 . 0  1 . 5  2 . 0  2 . 5
K* 1 5 ,7 5 6  n , k 8 2 2  1 1 .1 5 k  1 2 .2 2 8
K* 1 5 .5 9 6  l l . k k S  1 1 .0 5 k  1 2 .1 3 9
4  V a l u e s ,  d e r i v e d  by a u t h o r  
& V a l u e s  g i v e n  by  Timoslienko 
I t  i s  e v i d e n t  f ro m  t h e  c o m p a r i s o n  o f  r e s u l t s  t h a t  
t h e  m ethod  o f  a n a l y s i s  p r e s e n t e d  g i v e s  s a t i s f a c t o r y  r e s u l t s ,  
a s  f a r  a s  t h e  c r i t i c a l  s t r e s s  i s  conce rned®  The maximum 
d e v i a t i o n  shown by t h e  f i g u r e s  com pared  i s  n o t  more t h a n  
2^0 Thus t h e  a p p r o x i m a t e  s o l u t i o n s  o b t a i n e d  p r o v i d e  t h e  
r e q u i r e d  d e g r e e  o f  a ccu racy®
The m ethod  a s  o u t l i n e d  h a s  t h e  f u r t h e r  a d v a n t a g e  t h a t  
i t  i s  d i r e c t l y  s u i t a b l e  f o r  p rog ram m in g  f o r  t h e  d i g i t a l  
c o m p u te r  w h i c h  p e r m i t s  t h e  e v a l u a t i o n  o f  a  much g r e a t e r  
v a r i e t y  o f  c a s e s  t h a n  w o u ld  o t h e r w i s e  be  f e a s i b l e ®
6 6
POST -  CRITIGAL PARRYING 
CAPACITYo
'O f
POST -  CRITICAL CARRYING 
CAPACITY.
I t  i s  a  w e l l  known f e a t u r e  o f  t h i n  w a l l e d  c o n s t r u c t i o n  
t h a t  l o n g i t u d i n a l l y  c o m p r e s s e d  t h i n  p l a t e s  h a v e  a  c o n ­
s i d e r a b l e  r e s e r v o i r  o f  p o s t - e l a s t i c  b u c k l i n g  s t r e n g t h  
a s s o c i a t e d  w i t h  " l a r g e  d e f l e c t i o n s ® "  The maximum l o a d  
o f  s u c h  p l a t e s  c a n  be  many t i m e s  t h e  l o a d  a t  w h ic h  
e l a s t i c  b u c k l i n g  occurs® To d a t e  o n l y  t h e  r e l a t i v e l y  
s i m p le  c a s e  o f  a  s i m p ly  s u p p o r t e d  and f r e e  edge  p l a t e  
h a s  b e e n  t r e a t e d  t h e o r e t i c a l l y  [ 4 ] •  E f f e c t i v e  s e m i -  
e m p i r i c a l  t r e a t m e n t s  e x i s t  [j2, 5 - 9 ,  1 1 ,  12]  w h ich  
fo rm  t h e  b a s i s  o f  d e s i g n  s p e c i f i c a t i o n s  i n  t h i s  c o u n t r y  
and  abroad® O b v i o u s l y ,  h o w e v e r ,  t h e  n e e d  e x i s t s  f o r  
a  b a s i c  a n a l y t i c a l  t r e a t m e n t  and  s u c h  a  t r e a t m e n t  i s  
p r e s e n t e d  i n  t h e  f o l l o w i n g  pages®
I t  s h o u ld  be  n o t e d  t h a t  t h e  p o s t  b u c k l i n g  c o l l a p s e  
s t r e n g t h  i s  i n t i m a t e l y  d e p e n d e n t  on  t h e  s t r e s s - s t r a i n  
r e l a t i o n s  o f  t h e  m a t e r i a l ®  I t  i s  e v i d e n t  t h a t  i f  t h i s  
r e l a t i o n  i s  l i n e a r  a t  a l l  s t r e s s  v a l u e s ,  no maximum 
l o a d  a s  su c h  i s  o b t a i n a b l e ;  i n c r e a s e  i n  t h e  l o a d  beyond  
t h e  e l a s t i c  c r i t i c a l  l o a d  r e s u l t i n g  o n l y  i n  i n c r e a s i n g  
d e f o r m a t i o n .  . I t  i s  e s s e n t i a l  t h e r e f o r e ,  b e f o r e  
e m b a rk in g  on a  p o s t - b u c k l i n g  a n a l y s i s ,  t o  s p e c i f y  a  
b a s i c  s t r e s s - s t r a i n  r e l a t i o n s h i p  f o r  t h e  m a t e r i a l ®  
E s s e n t i a l l y ,  t h e  m ethod  p r e s e n t e d ,  t o  a s s e s s  
t h e  maximum s t r e n g t h  o f  t h i n  p l a t e  e l e m e n t s ,  c o n s i s t s  
o f  a p p l y i n g  t h e  s t r e s s - s t r a i n  r e l a t i o n s h i p s  p o s t u l a t e d  
by t h e  d e f o r m a t i o n  t h e o r y  o f  p l a s t i c i t y  t o  p l a t e s  
a n a l y s e d  by means o f  t h e  l a r g e  d e f l e c t i o n  concep t®
STRESS-STRAIN
C U R V E
3X10
2X10
CTi Ib m /ln
IXK>
M e
IXIO 2X IO ‘ 3 X 10 4 X 1 0
In /In
Fig. (29)
I n  t h e  a n a l y s i s  t h e  s t r e s s - s t r a i n  c u r v e  f o r  t h e  
m a t e r i a l  h a s  b e e n  a ssum ed  t o  be  a  " f l a t  t o p "  t y p e  shown 
i n  P i g o (2 4 ) o I t  i s  e m p h a s i se d ,"  h o w e v e r ,  t h a t  t h e  m ethod  
p r e s e n t e d  i s  n o t  e x c l u s i v e l y  d e p e n d e n t  on  t h i s o  Any 
s t r e s s - s t r a i n  c u r v e  d e r i v e d  e x p e r i m e n t a l l y  may be  i n ­
c o r p o r a t e d  i n  t h e  - c o m p u t a t i o n s ,  - s i n c e  t h e  m ethod  p r e s e n t e d  
As one o f  g e n e & a l  a p p l i c a t i o n  t o  a n y  s t r u c t u r a l  m a t e r i a l  «
5 . 0  DEPOm/fATION THEORY OP PLASTlClTYo
The d e f o r m a t i o n  t h e o r y  o f  P l a s t i c i t y - a s  p r e s e n t e d  
b e lo w ,  i s  r e s t r i c t e d  t o  i n i t i a l l y  i s o t r o p i c  m a t e r i a l s  
w i t h  a l l  t im e  d e p e n d e n t  e f f e c t s  ( e , g o  c r e e p )  ig n o re d ©
I t  i s  a l s o  assum ed  t h a t  t h e  m a t e r i a l  i s  i n c o m p r e s s i b l e  
so t h a t  P o i s s o n * 8 r a t i o  V = t©
Beyond t h e  c r i t i c a l  b u c k l i n g  s t a t e ,  a d d i t i o n a l  
s t r e s s e s  a r e  i n t r o d u c e d  i n t o  t h e  s t r e s s  s y s t e m  b e c u a s e  
o f  t h e  d e f o r m a t i o n s  i n  t h ^ i d d l e  p l a n e  o f  t h e  p l a t e ©
T hese  a d d i t i o n a l  s t r e s s e s  t o g e t h e r  w i t h  t h e  o r i g i n a l  
s t r e s s  t h a t  c a u s e d  b u c k l i n g  combine  t o  fo rm  a  " s t r e s s  
i n t e n s i t y "  © P o r  a  p l a n e  s t r e s s  t h e  s t r e s s  i n t e n s i t y
i s  g i v e n  by
i  3.0»
and t h e  s t r a i n  i n t e n s i t y  b y :
5= — I  ^ 2  4 - 4 - 4* ^ ' ^ / a    3*02
A c c o r d i n g  t o  t h e  f u n d a m e n t a l  h y p o t h e s i s  o f  t h e  
d e f o r m a t i o n  t h e o r y  o f  p l a s t i c i t y ,  t h e  s t r e s s  i n t e n s i t y  
CT% i s  a  s i n g l e  v a l u e d  f u n c t i o n  o f  t h e  i n t e n s i t y  o f
s t r a i n  f o r  t h e  l o a d i n g  c o n d i t i o n ,  i o 6
— ^S<s2C^ï 3 . 0 3
w here  i s  t h e  s e c a n t  m o du lu s  o f  t h e  m a t e r i a l ,
t h e  v a l u e  o f  w h i c h  d e p e n d s  u p o n  t h e  s t a t e  o f  s t r e s s .
P o r  u n l o a d i n g  c o n d i t i o n ,  h o w e v e r ,  t h e  r e l a t i o n  
b e tw e e n  0% and  b e co m es  l i n e a r ,  viz©
d(Tl = E_ 3^04-
The s t r e s s - s t r a i n  r e l a t i o n s  c o m p a t i b l e  w i t h  
e q u a t i o n s  3 -01  and 3» 0 2  a r e ; -
^   ^ 4- a*
3 r . ^
* i j =
Sac
The u s e  o f  t h i s  d e f o r m a t i o n  t h e o r y  o f  p l a s t i c i t y  
i n  t h e  c a s e s  a t t e m p t e d  i s  f u l l y  j u s t i f i e d  b e c a u s e  
" p r o p o r t i o n a l  l o a d i n g "  t y p e  o f  s t r e s s  h i s t o r y ,  i  ©e © t h e  
one i n  w h i c h  t h e  c o m p o n e n ts  o f  s t r e s s  i n c r e a s e  i n  
c o n s t a n t  r a t i o  t o  e a c h  o t h e r  i s  c o n s i d e r e d  © I t  i s  o f  
i n t e r e s t  t o  n o t e  t h a t  d e f o r m a t i o n  t h e o r i e s  o f  p l a s t i c i t y  
may be u s e d  f o r  a  r a n g e  o f  l o a d i n g  p a t h s  o t h e r  t h e n  t h e  
p r o p o r t i o n a l  l o a d i n g  w i t h o u t  v i o l a t i o n  o f  t h e  r e q u i r e m e n t s  
o f  t h e  p h y s i c a l  s o u n d n e s s  o f  t h e  t h e o r y  [ 2 1 ] .
5 c l  EVALUATION OP MAXIMUM LOAD:
r o
The maximum c o m p r e s s i v e  l o a d ,  f o r  a  p l a t e ,  a p p l i e d  
i n  i t s  p l a n e  i s  com puted  f ro m  t h e  d i m e n s i o n s  o f  t h e  p l a t e ,  
s t r a i n  d i s t r i b u t i o n s  a c r o s s  t h e  w i d t h  o f  t h e  p l a t e  and 
t h e  s t r e s s - s t r a i n  c u r v e  f o r  t h e  m a t e r i a l ©
I t  i s  a ssum ed  i n  t h e  d e t e r m i n a t i o n  o f  t h e  maximum 
l o a d  t h a t  t h e  fo rm  o f  t h e  s t r a i n  d i s t r i b u t i o n s  r e m a i n s  
u nchang ed  e v e n  a f t e r  y i e l d i n g  h a s  commenced©
The m ethod  o f  e v a l u a t i o n ,  i n  g e n e r a l ,  i s  
o u t l i n e d  below©
The s t r a i n - i n t e n s i t y  a t  v a r i o u s  p o i n t s
a c r o s s  t h e  p l a t e  i s  d e t e r m i n e d  f rom  t h e  s t r a i n  
d i s t r i b u t i o n s  o f  t h e  l a r g e  d e f l e c t i o n  p l a t e  t h e o r y  
b y  m eans  o f  e q u a t i o n  B©02o V a l u e s  o f  a t  t h e s e
p o i n t s  a r e  t h e n  r e a d  o f f  t h e  CT^  ^ ^  s t r e s s - s t r a i n  
curve© P o r  i n c r e a s i n g  s t r a i n  i n t e n s i t y  t h e  s t r e s s  a t  
any  p o i n t  a c r o s s  t h e  p l a t e  i s  t h e n  o b t a i n e d  f rom  
r e l a t i o n s  3©05» A t  t h e  p o i n t s  w he re  s t r a i n  i n t e n s i t y  
i s  d e c r e a s i n g  ( u n l o a d i n g  c o n d i t i o n ) , t h e  e l a s t i c  m o d u lu s  
E  i s  u s e d  t o  compute  t h e  r e d u c t i o n  i n  s t r e s s ©  The
a v e r a g e  s t r e s s  (5%^^ i s  com puted  f ro m  t h e  s t r e s s  
d i s t r i b u t i o n  t h u s  o b ta in e d ©  T h i s  p r o c e d u r e  i s  r e p e a t e d  
f o r  v a r i o u s  d e f o r m a t i o n s  t i l l  t h e  maximum v a l u e  o f  
i s  found©
3o2o STRAIN DISTRIBUTIONS©
I n  a c c o r d a n c e  w i t h  t h e  a s s u m p t i o n s  made:
e .  È L  _  j l - £ l 1
e ^ L  ^
A -  I I b F  I à  F ] .21
ff
0 t-sac.
As shown in  the previous s e c t io n s  the general  
form of the s t r e s s  fu n c t io n  F , fo r  any p la t e ,  can 
he w r it te n  ass
F = N% <ÿ 
2 . i «
,3 .22
where  Y  and  X a r e ,  r e s p e c t i v e l y ,  f u n c t i o n s  o f  
and  X. o n l y ,  and 6  i s  a  c o n s t a n t  d e t e r m i n e d  by 
G a l e r k i n ’ s Method©




a " Y  Y
J 2 à  'xJ^
V 5 #  a x  d v■Sac. t
.3 .23
I t  i s  s e e n  t h a t  t h e  v a l u e s  o f  v a r i o u s  s t r a i n s ,  
E s c c  Gihd a r e  i n t e r - d e p e n d e n t ©  To s i m p l i f y  t h e
r e l a t i o n s  3c2B a  f a c t o r  Î1 i s  i n t r o d u c e d  su c h  t h a t
.3 .24
E s« .  E.
and i t  i s  assumed th a t  ( i )  N% i s  r e s t r i c t e d  to
l i e  w i t h i n  th e  e l a s t i c  l i m i t ,  and  ( i i )  t h e  p l a t e
s t i f f n e s s  v a r i e s  w i t h  Egac i n  t h e  p o s t - c r i t i c a l  r e g i o n ,
I t  h a s  b e e n  shown i n  S e c t i o n  2  t h a t  ^  a s  
o b t a i n e d  f rom  G - a le r k in ’ s M ethod ,  i s  o f  t h e  fo rm :





t h e r e f o r e N.
Esac
C
8 2 C ' V ( l - V ^ )
, 3 c 2 6
w here  Vk i s  t h e  e l a s t i c  P o i s s o n * s r a t i o
A g a in
where D =





S u b s t i t u t i o n  f ro m  3©26 g i v e s
3 , 2 7
S u b s t i t u t i o n  f ro m  3 - 2 6  and 3  2 7  i n t o  3  2 3  y i e l d s
dM*
+ d i J -
% 2 4 c " (  l-V,
Ï  = 3 C ( 0 - c d (n  - 1 ) dX dY
d •X.
— ------------------ 3 . 2 8
Prom e q u a t io n s  3  2 6 ,  th e  v a r io u s  d i s t r i b u t i o n s ,
0  a c r o s s  any s e c t i o n  o f  a g i v e n  p l a t e ,  c o r r e sp o n d in g  to  
any s p e c i f i e d  v a lu e  o f  may be eva lu a ted ©
I t  f o l l o w s  t h a t  th e  s t r a i n  i n t e n s i t y
2.
4 3
i s  c o m p le t e ly  d e ter m in e d  a s  so o n  a s  a  v a lu e  o f  th e  
f a c t o r  Yl (^ ^  0  i s  s e le c t e d ©
3o3 EVALUATION OP DEPLEGTIONs
The maximum lo a d  i s  a s s o c i a t e d  w i t h  l a r g e  f i n i t e  
d e f l e c t i o n s  and i n  th e  f o l l o w i n g  th e  method o f  
e v a lu a t io n  o f  d e f l e c t i o n s  i s  o u t l i n e d ©
As shown i n  S e c t i o n s  1 and Z  th e  g e n e r a l  form  
o f  d e f l e c t i o n  can  be w r i t t e n  a ss
L' :
tO" =  ^        3  3 1
where i s  a f u n c t i o n  o f  ^  o n l y ,  and oC i s
a c o n s t a n t  d e term in ed  by G a le r k in " s  Method©
oC a s  g iv e n  by G a le r k in * s  Method i s  o f  th e  
form 2 "06a v i z s
3 . 3 2
S in c e  th e  maximum lo a d  o c c u r s  when th e  p l a t e  h as  
p a r t i a l l y  y i e l d e d ,  th e  d e f l e c t i o n  a t  t h i s  lo a d  i s  
a s s e s s e d  on th e  b a s i s  s i m i l a r  to  th e  s t r a i n  c o m p u ta t io n s  
Thus i n  a ccord an ce  w i t h  th e  la w s  o f  p l a s t i c i t y  and
e l a s t i c i t y  3o32 can be w r it te n  as:
cX =  I S ^  ____________________________________  3, 33
V  Ei4cb^
Now fro m  3 , 2 7
C -C OL
-Sac ^2. Q — t)'’
( l -  vx)
b a/  ! 2.(^ 1 —
3 . 3 4
to*” =r
S u b s t i t u t i n g  f rom  3 «34 i n t o  3 .3 1  g i v e s
/ .  ^   ^Q f
Y  1 2 ( 1 - OLb
f ro m  w h ich  t h e  d e f l e c t i o n  a t  any  p o i n t  o f  a  g i v e n  
p l a t e  may be computed  f o r  a n y  s p e c i f i c  v a l u e  o f  V\ 
c o r r e s p o n d i n g  t o  any  load©
5©4 ILLUSTRATIVE NUMERICAL ANALYSIS:
(a )  Maximum L oad :
I n  t h e  a c t u a l  c o m p u t a t i o n s  t h e  v a l u e s  o f   ^
and  w ere  f o u n d  f ro m  e q u a t i o n s  3 , 2 8  f o r  a  p a r t i c u l a r
v a l u e  o f  TV a t  e l e v e n  e q u a l l y  s p a c e d  p o i n t s  a c r o s s  t h e  
c e n t r a l  s e c t i o n  o f  a  g i v e n  p l a t e ©  As a n  e x a m p le ,  a  
s q u a r e  p l a t e  = h O ^ s im p ly  s u p p o r t e d  a l o n g  a l l  f o u r
s i d e s  and  u n i f o r m l y  c o m p r e s s e d  i n  t h e  X -  d i r e c t i o n  
w i l l  now be  c o n s id e r e d ©  The g e n e r a l  fo rm  o f  t h e  s t r e s s  
f u n c t i o n  F f o r  p l a t e s  s u p p o r t e d  a l o n g  a l l  s i d e s  a s  g i v e n  
by  I .41 a ,  i s :
ro
where
/Y =  si/w f  ^  ~  * ^ J L
\  A 4-1 J  2
v^ib + I /
S  =  ( 2  + 2 . V )
T =  ( - ;y -  4 )
S i n c e ,  i n  t h i s  c a s e , / c b = . ^ b = 0 t h e r e f o r e  \ = l  
and ? l becom es  z e r o ,  g i v i n g  S ==■ 2  and  T = —4: © 
Thus t h e  s t r e s s  f u n c t i o n  b eco m es :
-V oc"
cv?
_ ± 1 2 .
b 32 ^  \  ^  (X
Com paring  3«41a and  3-22 and  s u b s t i t u t i n g  i n  3 28
■34-la
g i v e s :
^  _  —C -^^ v w   ^  ^  i ^
^  12 0 - v I )
—  ( - 2 ^  X  \  ^2.4 
Vo? CL/Y b*^
IZof- 12%








y  -  ^ c V ( ^ - o
I 2 ( l - V ^ )  I f
4 ? f  6 ')c^ I Z % V 8  i z a ^  . 4 9
0.3- ajz- •)
g.
Po r  a  s q u a r e  p l a t e  =  1*0 » C^=t 4 - ^ 2  = 4 9 0 2  ,,C=)%'4,6A
and t a k i n g  8 0  and  V e = . - ^ , t h e  s t r a i n  e x p r e s s i o n s
a t  t h e  c e n t r a l  s e c t i o n = —L  become :
/  c \, 2 .
G  ^  =  _ 0 - 0 0 0 5 4 8 3 k  —  0 - 0 0 6 8 4 0 1  ( h . - 1 ) / ' ^ _ ^ 4 X + X _ 4 2 -  




= 0 . 0 0 0 2 7 4 6 5 k  + 0 . 0 0 6 8 4 0 1  ( k - i)  A z y 4  4 y 3  z y =  3 ^ ^  




C o n s i d e r i n g  a  p o i n t  s u c h  t h a t  i = . _ L  and  t a k i n g  K = . l ' 5
b  10
g iv e s :
- 0 * 0 0 1 2 4 3 8 6 = 0 ‘0 0 0 6 6 3 4 8 S
and t h e r e f o r e  becom es  s  —0 * 0 6 1 2 4 4 7 8 7
and
(A m.
a  -ve .  q u a n t i t y : s p e c i f y i n g  a  l o a d i n g
c o n d i t i o n  b e c a u s e  i s  c o m p r e s s i v e  i f  n e g a t iv e ©
The v a l u e  o f  c a n  now b e  d e t e r m i n e d  f ro m  t h e
g i v e n  s t r e s s - s t r a i n  c u r v e  o f  t h e  m a t e r i a l ©  I n  t h i s  
a n a l y s i s  t h i s  h a s  b e e n  a ssum ed  t o  be  a  " f l a t  t o p "  t y p e  
( P i g 0(2 *1)) w i t h  a  y i e l d  s t r e s s  o f  3 0  x  \ o ^  »
t h e  c o r r e s p o n d i n g  y i e l d  s t r a i n  and  t h e  e l a s t i c  m o d u lu s  
b e i n g  0 * 0 0 1  and 3 0 x (o ^  l b s / ; ^ x  r e s p e c t i v e l y ,
DISTRIBUTIONS OF STRAIN
W ale  «imply tu p porttd  
dong oil (dgei
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DISTRIBUTION O F  EFFEC TIV E 
M ODULUS Egg(.
M ot* iknply nippartcd 
along d l  cd g c i
0 -5 X 1 0
0-5X 10
OK
I t  i s  e m p h a s i s e d ,  h o w e v e r ,  t h a t  t h e  m e tho d  p r e s e n t e d  i s  
n o t  e x c l u s i v e l y  d e p e n d e n t  o n ' t h i s  an d  a n y  s t r e s s - s t r a i n  
r e l a t i o n  p o s t u l a t e d  may be  i n c o r p o r a t e d  i n  t h e  n u m e r i c a l  
c a l c u l a t i o n s o
Now, f ro m  P i g 0 (2 ^ )  c o r r e s p o n d i n g  t o  =
-0 -0 0 12 .4 47 8 7  i s  - 3 0 x l o * l b s / ; ^ .
E  =  __ ~ 2>0x    _  2 . - 4 1 0 0 5  X lo^
^  - 1 . 2 4 4 - 7 8 7 x 1 0 " ^
The s t r e s s  ( J ^  a t  an y  p o i n t  i s  g i v e n  by
=
=r A x  2 - 4 i 0 0 5 x  Ic'^x 1 - 1 2 1 2  X \c i^  =  2 - 1 3 I  x l o ' ^ l b s / j TL
F o r  p o i n t s  w h e re  -4-Él i s  p o s i t i v e  ( u n l o a d i n g
d  W
c o n d i t i o n )  t h e  v a l u e  o f  t h e  e l a s t i c  m o d u lu s  E. i s  u s e d  
t o  c a l c u l a t e  t h e  c o r r e s p o n d i n g  s t r e s s  r e d u c t i o n o
S i m i l a r  c a l c u l a t i o n s  a r e  p e r f o r m e d  f o r  e a c h  o f  t h e  
e l e v e n  p o i n t s  and  t h e  d i s t r i b u t i o n s  o f  s t r e s s  CT^ a r e  
p l o t t e d  f ro m  w h ic h  t h e  a v e r a g e  s t r e s s  6 ^ 0^ .  d e t e r m i n e d o
The a b o v e  p r o c e d u r e  i s  r e p e a t e d  f o r  d i f f e r e n t  v a l u e s  
o f  YL an d  c u r v e s  o f  a g a i n s t  w  a r e  o b t a i n e d o  The
maximum v a l u e  o f  i s  t h e n  r e a d  o f f  t h e s e  c u rv e S o
To i l l u s t r a t e  t h e  p r o c e d u r e  a  sa m p le  s e q u e n c e  o f  
p l o t t e d  r e s u l t s  f o r  a  s i m p l y  s u p p o r t e d  s q u a r e  p l a t e  i s  
now p r e s e n t e d ©
F i g 0 ( 3 0 ^ shows t h e  c u r v e s  of 6 .x s,nd 6 4 ^ f o r  v a r i o u s  
v a l u e s  o f  v\- , a c r o s s  t h e  c e n t r a l  s e c t i o n  o f  t h e  p l a t e ©
F i g o ( 3 i )  an d  ( 3 2 )  g i v e  t h e  c o r r e s p o n d i n g  d i s t r i b u t i o n s  o f  
t h e  s t r a i n  i n t e n s i t y  a n d  t h e  e f f e c t i v e  m o d u lu s  Esûjc
r e s p e c t i v e l y ©
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Maximum l o a d  o c c u r s  "because t h e  n a t u r a l  t e n d e n c y  f o r  
t h e  s t r e s s  t o  grow w i t h  t h e  i n c r e a s i n g  s t r a i n  i s  counte r™  
a c t e d  by t h e  d e c r e a s e  i n  t h e  e f f e c t i v e  m oduluso  To
i l l u s t r a t e  t h i s ,  c u r v e s  o f  c o r r e s p o n d i n g  t o  t h e :
^  s t r a i n  d i s t r i b u t i o n s  shown i n  P i g o (30^ a r e  g i v e n  i n
P ig o (3 3 )o
P i g o ( 3 4 ) g i v e s  t h e  c u r v e s  o f  a g a i n s t  r v
o b t a i n e d  i n  t h e  abo v e  m anner  f o r  v a r i o u s  w i d t h  t o  
t h i c k n e s s  r a t i o s  o f  a  s i m p l y  s u p p o r t e d  s q u a r e  p l a t e ®
I n  P i g c u r v e  o f  0%^^^ a g a i n s t  a t  t h e
c e n t r e  o f  t h e  p l a t e  d e r i v e d  f ro m  p r e v i o u s  r e s u l t s  i s  
shown®
To d e m o n s t r a t e  t h e  e f f e c t  o f  edge  s u p p o r t  
c o n d i t i o n s  on t h e  s t r a i n ,  e f f e c t i v e  m o d u lu s  and 
^  s t r e s s  d i s t r i b u t i o n s ; r e s u l t s  f o r  two o t h e r  c a s e s  a r e
shown i n  P igoC^O t o  (44)  i n c l u s i v e ®
Pigo  ( 3 6 )  g i v e s  t h e  s t r a i n s  and  6^.
d i s t r i b u t i o n s ,  f o r  v a r i o u s  kv v a l u e s ,  a c r o s s  t h e  
c e n t r a l  s e c t i o n  o f  a  r e c t a n g u l a r  p l a t e  = 0 * 9 6 5 ,  ^ = l o c ^
e l a s t i c a l l y  f i x e d  = 8 ^  a l o n g  one u n l o a d e d  edge  and  
s i m p ly  s u p p o r t e d  a l o n g  t h e  o t h e r *  The c o r r e s p o n d i n g  
s t r a i n  i n t e n s i t y  , e f f e c t i v e  m o d u lu s  E sc ^  and  
s t r e s s  0"^ d i s t r i b u t i o n s  a r e  g i v e n  i n  Pigs® ( 5 7®38) and  
(3 1 )  ® I n - P i g s ® ( 4 l )  t o ( 4 4 ) ^ a  s i m i l a r  s e q u e n c e  o f  g r a p h s  
i s  g i v e n  f o r  a  p l a t e ^-^=163^^= GZ-^ixed a l o n g  one u n l o a d e d  
edge and  f r e e  a l o n g  t h e  o the r®  I t  may be n o t e d  h e r e  
t h a t  t h e  u n i f o r m l y  l o a d e d  e d g e s  i n  b o t h  t h e  c a s e s  a r e  
s im p ly  supgbr tbd®
Pig® (4 0 )  and  ( 4 s )  g i v e  t h e  p l o t s  o f  a g a i n s t  rv
f o r  v a r i o u s  w i d t h  t o  t h i c k n e s s  r a t i o s  o f  t h e  two p l a t e s
CURVES of n




EFFECT of ASPBZT RATO and 
THICKNESS on MAXIKHUM LOAD
8«
07o-S 0-0 09 I Z
êc o n te m p la te d  a b o v e o
The e f f e c t  o f  th e  a s p e c t  r a t i o  and th e  t h i c k n e s s  on  
th e  maximum lo a d  f o r  v a r io u s  p l a t e s  i s  i l l u s t r a t e d  i n  
Figo (4 6 )  a
(b) Maximum D e f l e c t i o n s
C o n sid er  a r e c t a n g u l a r  p l a t e s i m p l y  
supported a lo n g  two u n i f o r m ly  lo a d e d  e d g e s  and one  
unloaded edge  and b u i l t - i n  a lo n g  th e  fo u r th o  The
d e f l e c t i o n  a s  g i v e n  by U 4 2 ^ t i s s■ %
^  \ 2 4  b 6  b 3  y
w h e re  A,  ^ B, and  C, a r e  g i v e n  b y  I o43a a n d  i o44a»
I n  t h i s  c a se  >fe,b=zOc? and-fc,b=.0 s u b s t i t u t i n g  t h e s e  
^  v a l u e s  i n  I ,4 4 a  and Î «43a g i v e s s
A, 0 - 6 2 5
B, =  0 - 0 6 2 5
C, = 0
Thus th e  d e f l e c t i o n  becom es:
-W-= oC / j £ L _ 0 : 6 2 5 J l ! ^ 0 : 0 t e 5 J i l \   _ 3 . 4 ,  b
a. b \  J
S u b s t i t u t i n g  f o r  oL from 3 3 4  i n  3«4I b g i v e s :
10-= /  rù-L 0 625 0-0625 3^^
y  «- Vz4b^ 6  b*- b  /
F o r  t h i s  p l a t e  C =  1 9 ^ 7 - 6 6  a n d  C  ^= —4823*96an<i
t a k i n g  b_ = tOO a n d  i l  = _L g i v e s s  
-L. 4-
L O A D 'v  M A X . D E F L E C T IO N  





Loaded edge* «impty 
tupported  
\ b  r. OO , -  0
O 25






/ - 4 - 8 2 i - % > i m i - 6 6 0 - y ^ ' y ^ - 8 f  " f  0*6z5y^, O-OéZS'î'
V  i T I s V l O ^ -------------------------- —
4û“ ~
The v a l u e  o f  Y\, c o r r e s p o n d i n g  t o  maximum l o a d  
o f  t h i s  p l a t e  i s  le-5 6 .
4 -0 7 6  sJrvMZEr / _________ 0-62S I  0'062S 'é^'
2 4 b ^  6  b
F o r  maximum d e f l e c t i o n  x  =  3 i  and  .
2- . 3 ^
0
M
=  4- '0 7 6
=L 0
(■
^  _  0 -6 2 S  0-125'^
é b ’- Zb"" b
o r  < ^ = - - | - 6 7 S ' j b  + O - 7 S b ^ = 0
w hich  g i v e s  = 0 - 6 7 7 S b a n d  a t  maxo l o a d
=  4 - 0 7 6 hlÉ 7 7 s f _  ^ 6 2 § (0 -6 7 7 s t^  Û-06Z5 (0-677S'f 
2 - 4 - 6  ^ ^
or
=  0 . 0 2 0 7 3  b
y _  0 * 0 2 0 7 3 > b 2l*o73
■ftv Q.OI b
As a n  i l l u s t r a t i o n  a g a i n s t  ^ ^ r a p h




APPLICATION OP SINGLE PLATE 
RESULTS TO COMPOSITE PORMSo
APPLICATION OP SINGLE PLATE RESULTS 
TO COI^ÎPOSITE FORJlISo
I n  S e c t i o n  2  e l a s t i c  c r i t i c a l  l o a d s  c a l c u l a t e d  by  
G a l e r k i n * s  Method f o r  s i n g l e  p l a t e s  s i m p l y  s u p p o r t e d  a l o n g  
t h e  l o a d e d  e d g e s  w i t h  t h e  u n l o a d e d  e d g e s  e l a s t i c a l l y  
f i x e d  = e l a s t i c a l l y  f i x e d  and e l a s t i c a l l y  f i x e d  = f r e e  
a r e  g iv en *  I f  s u c h  p l a t e s  f o rm  a  p a r t  o f  s t r u c t u r a l  
s e c t i o n s  r e g a r d e d  a s  a n  a s s e m b l y  o f  p l a t e s ,  t h e  e l a s t i c  
f i x i t y  i s  p r o v i d e d  by  t h e  a d j o i n i n g  p l a t e s *  I n  t h i s  
S e c t i o n  t h e  v a l u e  o f  t h e  e l a s t i c  f i x i t y  p r o v i d e d  by  t h e  
s u p p o r t i n g  p l a t e  t o  t h e  b u c k l i n g  p l a t e  o f  a  c o m p o s i t e  
s t r u c t u r a l  s e c t i o n  i s  d e t e r m i n e d  and  t h e  e l a s t i c  c r i t i c a l  
l o a d s  f o r  t h e  l o c a l  i n s t a b i l i t y  o f  v a r i o u s  s t r u c t u r a l  
f o r m s  a r e  c a l c u l a t e d ©
A m ethod  s i m i l a r  t o  t h a t  em p lo y ed  by  JoM* H a r v e y  
^ 8 ]  i s  u s e d  i n  c o m p u t i n g  t h e  e l a s t i c  f i x i t i e s  o f  t h e  
b u c k l i n g  p l a t e  c o m p o n e n ts*  As a n  i l l u s t r a t i o n  e l a s t i c  
c r i t i c a l  s t r e s s e s  i n  l o c a l  i n s t a b i l i t y  o f  b o x  s e c t i o n s  
and  i n w a r d l y  l i p p e d  c h a n n e l s  i s  w o rk e d  o u t  i n  d e t a i l ©
A s i m i l a r  m eth o d  i s  u s e d  f o r  p l a i n  c h a n n e l  s e c t i o n s  
an d  t h e  r e s u l t s  f o r  a l l  t h e s e  a r e  su m m a r i s e d  i n  t h e  f o r m  
o f  g r a p h s *
I n  t h e  f o u r t h  p a r t  o f  t h i s  S e c t i o n  t h e  maximum 
l o a d s  o f  c o m p o s i t e  s t r u c t u r a l  f o r m s  i s  com p u ted  
u t i l i z i n g  t h e  s i n g l e  p l a t e  r e s u l t s  p r e s e n t e d  i n  S e c t i o n  
5  ©
koO LOCAL INSTABILITY OF THE PLATE COMPONENTS OF BOX 
SECTIONS*
F ^ . C 4 g )
IC o n s i d e r  a  b o x  s e c t i o n  w i t h  t h e  c r o s s - s e c t i o n  shown, 
i n  F i g  <,(4$) *
A ssum in g  t h e  a x i a l  l o a d  t o  be u n i f o r m l y  c o m p r e s s i v e  $ 
e a c h  f l a t  p l a t e  co m p o n e n t  ^ s  s u b j e c t e d  t o  c o n s t a n t  com­
p r e s s i v e  s t r e s s  • I n  a  box  s e c t i o n  two o p p o s i t e
p l a t e s  s u p p o r t  t h e  o t h e r  two b u c k l i n g  p l a t e S o  , Thus t h e  
p r o b l e m  o f  c o m p u t i n g  t h e  e l a s t i c  c r i t i c a l  l o a d  f o r  t h e  
box  s e c t i o n  r e d u c e s  t o  d e t e r m i n i n g  t h e  e l a s t i c  f i x i t y  fc 
p r o v i d e d  by  t h e  s u p p o r t i n g  p l a t e  t o  t h e  b u c k l i n g  p l a t e  
an d  t h e n  d e t e r m i n i n g  t h e  c r i t i c a l  s t r e s s  by  C a l e r k i n ® s  
M e th o d .
To d e t e r m i n e  t h e  e l a s t i c  f i x i t y  f o r  t h e  b u c k l i n g  
p l a t e  9 i t  i s  a s su m e d  t h a t  t h e  s l o p e s  and  t h e  moments 
a l o n g  t h e  common edge  a r e  e q u a l  and  o p p o s i t e  .
D e f l e c t e d  Form Of The S u p p o r t i n g  P l a t e s :
C o n s i d e r  f i r s t  o f  a l l  t h e  s u p p o r t i n g  p l a t e  ; a s s u m i n g  
t h a t  i t  h a s  u n i f o r m  s t r e s s  d i s t r i b u t i o n  when i t  i s  
s u p p o r t i n g  t h e  b u c k l i n g  p l a t e  9 t h e  s t r e s s  f u n c t i o n  F  
c a n  b e  w r i t t e n  a s s
F = J & jL _
2 - ^
an d  t h e  l a r g e  d e f l e c t i o n  e q u a t i o n s  r e d u c e  t o
+  2  a V  _  I L  • b V  __________________ 4 .0 1
The s o l u t i o n  o f  t h i s  e q u a t i o n  f o r  t h e  s u p p o r t i n g  
p l a t e  c a n  b e  w r i t t e n  i n  t h e  fo rm s
W" = Y yvxÏÏx.  -------------------------   —4 . 0 2
OL
<iî6
w h ere  Y  i s  a  f u n c t i o n  o f  ^  o n l y o  Thus W- s a t i s f i e s  
t h e  b o u n d a r y  c o n d i t i o n s g
^  =  0
. ' 2.
° ^  4 - V _ =  0
f o r  t h e  s i m p ly  s u p p o r t e d  l o a d e d  e d g e s  0 a n d  oc =  cL_ @ 
S u b s t i t u t i n g  f ro m  4 02 i n  4 01 g i v e s g
2 ^ f  >[^K^  , N%. \ Y =: 0 -________ 4*.03
j  y4- c e  ^  \  0.4 oJ- b  /
The g e n e r a l  s o l u t i o n  o f  t h i s  e q u a t i o n  i s :
Y  =  CjOsI ^  % y  4- C^. Saa^ ^  4* ^  ^ 4-
w h ere  =  / '^ - § -  4-. / -  ^
a? A/ D
B =  / -  ^  /  N-pc vvgj^
* V  a?- V  D c e
and C,jC^jC^and are c o n s ta n ts  o f  in t e g r a t io n .
T h e r e f o r e  s
c W v  y 4_ 4_
---------------------------------4 . 0 4
Now c o n s i d e r  t h e  b o u n d a r y  c o n d i t i o n s  o f  t h e  s u p p o r t ­
i n g  p l a t e  a t  t h e  c o n n e c t i n g  e d g e s  y<= 0  a n d  b »
A ssum ing  t h e  c o n n e c t i n g  e d g e s  t o  r e m a i n  s t r a i g h t  
d u r i n g  l o a d i n g  t h e  f i r s t  s e t  o f  b o u n d a r y  c o n d i t i o n s  i s :
=  O at '^  =  o  and ^ — b  ______________________   4 ,  Qg
The s e c o n d  s e t  o f  b o u n d a r y  c o n d i t i o n s  i s  o b t a i n e d
( 4 9 )
by a s s u m i n g  t h a t  t h e  b e n d i n g  moment a t  t h e  c o n n e c t i n g  
edge  o f  t h e  s u p p o r t i n g  p l a t e  v a r i e s  s i n u s o i d a l l y  a l o n g  
t h e  l e n g t h  o f  t h e  p l a t e *
=, _My. i^ ï ïx .
D a.
a t  y  =  0  and y =. b
. 4 . 0 6
I t  may be n o t e d  h e r e  t h a t  i s  t a k e n  p o s i t i v e  i f  
i t  p r o d u c e s  c o m p r e s s i o n  on t h e  t o p  s u r f a c e  (See  P i g *(49) ) .
S u b s t i t u t i n g  4.05 an d  4^06 i n  e q u a t i o n  4.04, t h e  
c o n s t a n t s  Cj 5 and  a r e  o b t a i n e d  a s s
+  MitC. =
+  Ma. 1 — b
C ,  = M
D
I — b
a n d  t h e  d e f l e c t i o n  f o rm  f o r  t h e  s u p p o r t i n g  p l a t e  i s  
c o m p l e t e l y  d e t e r m i n e d *
By s u b s t i t u t i n g  t h e  v a l u e s  o f  t h e  c o n s t a n t s  
C , , C ^ , C 2^ and i n  4 - 0 4  a n d  d i f f e r e n t i a t i n g , t h e  s l o p e  
a t  t h e  c o n n e c t i n g  ed g e  =  0  i s s
St/KL ^ b
.4.07
B o u n d a ry  C o n d i t i o n s  F o r  The B u c k l i n g  P l a t e s

F o r  t h e  b u c k l i n g  p l a t e ,  l e t  t h e  b o u n d a r y  c o n d i t i o n s  
a t  t h e  c o n n e c t i n g  e d g e s  b e :
=z  O a t =  o  1 b |
_=  k. a t =  0 a t y , =  b,
Once t h e  v a l u e  o f  ) c ‘ i s  d e f i n e d  i n  t e r m s  o f  t h e  
s e c t i o n  d i m e n s i o n s ,  t h e  b o u n d a r y ‘ c o n d i t i o n s  f o r  t h e  
b u c k l i n g  c o n d i t i o n  a r e  c o m p l e t e l y  d e t e r m i n e d  an d  t h e  
c r i t i c a l  s t r e s s  c a n  be e v a l u a t e d  h y  m eans  o f  G a l e r k i n ' ' s  
Method a s  shown i n  S e c t i o n  2  «
From t h e  a s s u m p t i o n s  m ade ,  a l l o w a n c e  f o r  t h e  
i n t e r a c t i o n  o f  t h e  p l a t e  c o m p o n e n t s  a t  t h e  c o n n e c t e d  
e d g e  r e q u i r e s  t h a t s
sU ^- î^ î^ w h e re  Muj i s  t h e  f i x i n g
a  CL OL CL
moment a c t i n g  on  t h e  b u c k l i n g  p l a t e  (FigoC'S’O) ) 9. 
a n d _____________
Now D, s:»vïï!Ç2É. =
cx
A ls o 0 <4a5i -  k  . -  A ^ > u r




k. =  Or... ----------
D
T h e r e f o r e  f r o m  4 r 0 7  and  4 . 0 9
Saa"J^ oC b S4W ^  b
.4.09
oCs^w^b (cx3s4voCb- 4 - — cios^b^




èF o r  t h e  same u h i f o r m  s t r e s s  c a r r i e d  by t h e
s u p p o r t i n g  and t h e  b u c k l i n g  p l a t e  g c?C=. oC, an d  a n d
a l s o  s u b s t i t u t i n g  b ^ U b j  w h e re  14= t h e  e l a s t i c  f i x i t y
f o r  t h e  b u c k l i n g  p l a t e  a t  t h e  c o n n e c t e d  e d g e s  becom ess
^  o(, H b  j SMTc ^ ,  W b,
H b | ^cosK . oCj H b , — 1^ 4 - — C O S ) H b ,^
   -  — 4.010
C r i t i c a l  S t r e s s  F o r  The Box S e c t io n g :
The v a l u e s  o f  e l a s t i c  c r i t i c a l  l o a d s  f o r  uni<=
f o r m l y  c o m p r e s s e d  p l a t e s  a s su m e d  s i m p l y  s u p p o r t e d  a l o n g  
t h e  l o a d e d  e d g e s  a n d  h a v i n g  b o u n d a r y  c o n d i t i o n  4 , 0 8  
a l o n g  t h e  u n l o a d e d  e d g e s  a r e  o b t a i n e d  a s  i n d i c a t e d  
p r e v i o u s l y  by G a l e r k i n " s  Method  f o r  v a r i o u s  v a l u e s *
The r e s u l t s  a r e  shown i n  P i g o ( l 8 )  S e c t i o n  2  » Thus 
f ro m  F i g o ( l 8 )  t h e  v a l u e  o f  A:b, t h e  s m a l l e s t  v a l u e  o f  ^ x c r i t  
w h i c h  i s  o b t a i n e d  b y  a s s u m i n g  t h e  p l a t e  t o
bT
b u c k l e  i n  one h a l f  s i n e  wave ; YA = I and  t h e  c o r r e s p o n d i n g  
r a t i o  c a n  be  o b t a i n e d  f r o m  e q u a t i o n  4 c 0 ) 0 .  The
r e s u l t s  o f  t h e s e  c a l c u l a t i o n s  a r e  shown i n  F ig o C ^ O  
a  t y p i c a l  c a l c u l a t i o n s  i s  p r e s e n t e d  i n  A p p e n d ix  4  o 
From F i g o ( 5 l )  t h e  v a l u e  o f  K  f o r  a n y  v a l u e  o f  
can  be o b t a i n e d  and t h e  minimum c r i t i c a l  c o m p r e s s i v e  
l o a d  f o r  t h e  b o x  s e c t i o n  i s  g i v e n  b y :
P - K E -  ^  ^  A
w h e re  A i s  t h e  a r e a  o f  c r o s s - s e c t i o n *
k o l  LOCAL INSTABILITY OF THE PLATE COMPONENTS OF 
INWARDLY LIPPED CHANNELSg

C o n s i d e r  t h e  l i p p e d  c h a n n e l  shown i n  I ± g 0(52)0 
I n  t h i s  c a s e  i f  t h e  weh b n o k l e s  f i r s t  t h e  e l a s t i c  
f i x i t i e s  a t  t h e  c o n n e c t i n g  e d g e s  a r e  p r o v i d e d  by  two 
i d e n t i c a l  f l a n g e s o  H ow ever ,  i n  t h e  c a s e  when t h e  
f l a n g e s  b u c k l e  f i r s t  t h e  e l a s t i c  f i x i t i e s  a t  t h e  two 
c o n n e c t i n g  e d g e s  may be u n e q u a l ,  one p r o v i d e d  by  t h e  
web p l a t e  and  t h e  o t h e r  by t h e  l i p o  I n  t h e  f o l l o w i n g  
a n a l y s i s  i t  i s  a s su m e d  t h a t  t h e  c o n n e c t i n g  edge  o f  t h e  
f l a n g e  and  t h e  l i p  i s  s i m p l y  s u p p o r t e d o
( a )  I n s t a b i l i t y  Of F l a n g e  P l a t e 8«=
D e f l e c t i o n  Form Of The S u p p o r t i n g  P l a t e s
The c o n n e c t i n g  edge  y , =  o f  t h e  f l a n g e  w h ic h  i s  
s u p p o r t e d  by  t h e  l i p  i s  a s su m e d  t o  be  s i m p l y  s u p p o r t e d  
and t h e r e f o r e  t h e  d e f l e c t i o n  f o r m  o f  t h e  l i p  n e e d  n o t  
be d e t e r m i n e d o
How c o n s i d e r  t h e  o t h e r  s u p p o r t i n g  p l a t e |  t h e  web 
i n  t h i s  c a s e o
A ssum ing  t h e  web t o  c a r r y  u n i f o r m  s t r e s s ,  t h e  
d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  d e f l e c t i o n  f o r m  o f  t h e  
web i s  e x a c t l y  t h e  same a s  f o r  t h e  s u p p o r t i n g  p l a t e  o f  
a  b o x  s e c t i o n ,  v i z s  4 , 0 ! ,
The b o u n d a r y  c o n d i t i o n  i n  t h i s  c a s e  a r e  a l s o  






^ 3  =
- M a.
D
c.= - M .
+ " D g ^ +  ?-^)
\ —  c o s i ^ ü
s w ^ ^ b
And t h e  s l o p e  a t  t h e  c o n n e c t i n g  ed g e  0  i s
3*j-  M 4 ou
D ( < < V
o 4  — o 4  C d ? s k .c ^ b  ^C J O S  ^ b  — ^  
SÙv-fv<;^b SÙv
B o u n d a ry  C o n d i t i o n s  F o r  The F l a n g e  P l a t e s
I n  a c c o r d a n c e  w i t h  t h e  a s s u m p t i o n  made t h e  
b o u n d a r y  c o n d i t i o n s  f o r  t h e  ed ge  =^. b^ o f  t h e  f l a n g e
a r e
-4> 13 a
' AddlL  =  0
^  à
L e t  t h e  b o u n d a r y  c o n d i t i o n s  f o r  t h e  f l a n g e  a l o n g  
t h e  c o n n e c t i n g  e d g e  o f  t h e  f l a n g e  and t h e  web ,  i oSo  
'^,=.0 beg
. 4 . 1 4 a
L e t  t h e  f i x i n g  moment on  t h e  edg e  =.0 be  From
t h e  a s s u m p t i o n s  made t o  i n c o r p o r a t e  t h e  i n t e r a c t i o n  o f  
th e  p l a t e  c o m p o n e n ts  a t  t h e  c o n n e c t e d  edgess-
^  OL ( X
Now ^Ao-| _  . My, vnTTx. M ,=0
2) D, ^
.% ^  !22l 2£. = Ma.
D, Ï)
S w \ MÏÏX-
OL
f o r  c o n s t a n t  t h i c k n e s s  o f  t h e  c h a n n e l  
A l s o  ^
D
From e q u a t i o n  4  12a a n d  4o 15@,o
^  _  (c?4^4 ____________________ ___________
oL s îw |3 b  ^Ces^oCb 4- ^  SuaJn c^b Q — C cs^b^
F o r  t h e  same s t r e s s  c a r r i e d  by  t h e  web f l a n g e  
and t h e  l i p  3 ^ =  Z .  and o A l s o  s u b s t i t u t i n g
b —Hb, > e l a s t i c  f i x i t y  p r o v i d e d  b y  t h e  web b e c o m e s :
s C w A ^ ^ H b i  S v w ( ^ t 4 b t_________________
o ( \ S u v ^ < 4 b | ^ C 4 3 s l v o ( ,  4 Id ( —  4 -  ^ ^ S v y \ :L ,c i ( ( l4  b |  ^ l  — C o S ^ t H b ^
4.15 a
.4d6a
C r i t i c a l  S t r e s s  F o r  The L ip p e d  C h anne lo  
( F l a n g e  F a i l u r e ) S
iN m R D L Y  L IP P E D  C H A N N E L
Flangt F«l«r«
if
R g .  CS3)
r i
'/o
The v a l u e s  o f  e l a s t i c  c r i t i c a l  l o a d s  N%gy.| .for 
u n i f o r m l y  c o m p r e s s e d  p l a t e s  a ssu m e d  s i m p l y  s u p p o r t e d  
a l o n g  t h e  l o a d e d  e d g e s  and h a v i n g  b o u n d a r y  c o n d i t i o n s  
4 o l 3 a  a n d  4 . 1 4 a  a l o n g  t h e  u n l o a d e d  e d g e s  a r e  o b t a i n e d   ^
by  G a l e r k i n ^  s Method f o r  v a r i o u s  >feb, and  A:, bi v a lu e s ®
T h ese  r e s u l t s  a r e  shown i n  P i g s © ( l 9 )  t o  (^24) i n c l u s i v e ®
Thus f ro m  t h e s e  f i g u r e s  t h e  v a l u e s  o f  / t b ,  p t a k i n g  
f o r  t h e  s i m p l y  s u p p o r t e d  e d g e ,  t h e  s m a l l e s t  
v a l u e  o f  w h e re  aud t h e  c o r r e s p o n d i n g
r a t i o c a n  be  o b t a i n e d ®  U s i n g  t h e s e  v a l u e s  t h e  
c o r r e s p o n d i n g  v a l u e  o f  H i s  t h e n  o b t a i n e d  f r o #  
e q u a t i o n  4 « 15a*
The r e s u l t s  a r e  shown p l o t t e d  i n  Pig® (^55) ®
The v a l u e  o f  f o r  a n y  v a l u e  o f  H c a n  be  o b t a i n e d  
f ro m  P ig ® ( 5 3 ) a n d  t h e  c r i t i c a l  l o a d  f o r  t h e  l i p p e d  
c h a n n e l  when th e  f l a n g e  b u c k l e s  i s  g i v e n  bys
w here  A i s  t h e  a r e a  o f  c r o s s - s e c t i o n  o f  t h e  
i n w a r d l y  l i p p e d  chan n e l®
( b )  I n s t a b i l i t y  Of Web P l a t e s  
D e f l e c t i o n  Porm Of The S u p p o r t i n g  P l a t e s
I n  t h i s  c a s e  t h e  s u p p o r t i n g  p l a t e  i s  t h e  f l a n g e ®  
A ssu m ing  t h e  f l a n g e  t o  c a r r y  u n i f o r m  s t r e s s  t h e
d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  f l a n g e  i s :
^ 2  _  Noc   - 4 . 1 1 b
an d  t h e  g e n e r a l  s o l u t i o n  o f  4 c H b i s :
Hr, ^  f c ,  co sk ./. +  + w>TYx.(X
where
7  =  / a
OL'







and , Cg,, and  C^ j. a r e  c o n s t a n t  o f  i n t e g r a t i o n ®
I t  i s  a g a i n  a ssu m ed  t h a t  t h e  c o n n e c t i n g  edg e  o f  
t h e  l i p  and  f l a n g e  i s  s i m p l y  s u p p o r t e d ,  and  b e n d i n g  
moment a t  t h e  c o n n e c t i n g  edg e  o f  web a n d  f l a n g e  
v a r i e s  s i n u s o i d a l l y ®
Thus t h e  b o u n d a r y  c o n d i t i o n s  f o r  t h e  
s u p p o r t i n g  p l a t e  becomes
a t y , = o ,  b,
^ siv \ a.t M. =  0
b. (L%
ÔWi1 = 0  a t  b,
■442 b
U s in g  t h e s e  b o u n d a r y  c o n d i t i o n s  t h e  v a l u e s  o f  t h e  








-t tcLKV ( ,^ b,
and  t h e  s l o p e  o f  t h e  s u p p o r t i n g  f l a n g e  a t  t h e  
c o n n e c t i n g  e d g e  o f  t h e  weh and  f l a n g e  beco m ess
M,
t<3Lw^jb| OL
B o un d a ry  C o n d i t i o n s  P o r  t h e  Web P l a t e s
L e t  t h e  b o u n d a ry  c o n d i t i o n s  f o r  t h e  b u c k l i n g  
web be g
i jy  0
I ’>UT
A
at M = o




<2- 3 aaT __
b
=  - Æ 3XAT
V
Prom t h e  a s s u m p t i o n s  m ade ,  t h e  f i x i n g  moment Wl^ 
on  t h e  e d g e s  =  0 and  ' ^ = .b  i s  g i v e n  b y :
sOvx ! 2 : ^  =  _  Mu sCvv «2Î2Ï-
0 OL o l  OL
•4.14 b
Now -  Jü!ï-siv\ l ü M
b  a.
à j g : =  -Maisl^xWÎ2£ 
3 D,
^6
f o r  same t h i c k n e s s  o f  f l a n g e  an d  weh® 
A lso
>  3 u r




and  s i m i l a r l y
at y z= 0
a t  y  a  b
D,
Thus f ro m  e q u a t i o n s  4 ^ 13b and  4 ^ ( 5 b




F o r  t h e  same s t r e s s  c a r r i e d  by t h e  web and  f l a n g e  
= ”P* ° A l so  s u b s t i t u t i n g  b  =  14 b, i n  4 . 1 6 b
g ivess
^  __ (oC^-f ^  V h
C r i t i c a l  Load F o r  The L ip p e d  Channel® 
(Web F a i l u r e )
- 4 . 1 7 b
LOCAL tNSTABUTY O F INWARDLY 






F ig .  CS-4)
F * g . t s s )
The v a l u e s  o f  e l a s t i c  c r i t i c a l  l o a d s  N v  f o r
c r c t
u n i f o r m l y  c o m p re s se d  p l a t e s  h a v i n g  b o u n d a r y  c o n d i t i o n s  
4 . 14b a l o n g  t h e  u n l o a d e d  e d g e s  a r e  g i v e n  i n  F i g o ( i 8 )  °
From t h i s  f i g u r e  v a l u e s  o f  /C/b 9 t h e  s m a l l e s t  v a l u e  
o f  where and  t h e  c o r r e s p o n d i n g  r a t i o
can  be o b t a i n e d o  U s in g  t h e s e  v a l u e s ,  t h e  
c o r r e s p o n d i n g  v a l u e  o f  H i s  t h e n  o b t a i n e d  f ro m  
e q u a t i o n  4n I7be.
I n  o r d e r  t o  s i m p l i f y  t h e  p r e s e n t a t i o n  o f  
b u c k l i n g  s t r e s s  r e s u i t s g v a l u e s  o f  K |  e q u i v a l e n t  t o  
web f a i l u r e  a r e  d e t e r m i n e d  f r o m  t h e  r e l a t i o n s
K f  •=
a n d  t h e  r e s u l t s  a r e  i n c o r p o r a t e d  i n  a  com bined  c u r v e  
f o r  f l a n g e  and web f a i l u r e  a s  shown i n  P i g o ( 5 ^ ,  
ko2  LOCAL INSTABILITY OF THE PLATE COMPONENTS OF 
PLAIN CHANNELS8
C o n s i d e r  f i r s t  t h e  i n s t a b i l i t y  o f  t h e  web o f  a  p l a i n  
c h a n n e l  shown i n  Figo(55)o
( a )  I n s t a b i l i t y  o f  Webs
I n  t h i s  c a s e  t h e  f l a n g e  w h ic h  i s  a ssu m ed  t o  be 
u n i f o r m l y  c o m p r e s s e d 9 i s  t h e  s u p p o r t i n g  p l a t e o  A ssum ing  
t h e  b e n d i n g  moment a l o n g  t h e  edg e  0  o f  t h e  f l a n g e  
t o  be t h e  b o u n d a r y  c o n d i t i o n s  a l o n g  t h e  u n l o a d e d  e d g e s  
o f  t h e  f l a n g e  becomes
=  0
 ^ at  ----------  4 .21b





+  ( 2 - V ) è \iy , =  0
at >^ ,= b,
J
. 2 2  a
S o l v i n g  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  
d e f l e c t i o n  i n  a  m a n n e r  s i m i l a r  t o  t h e  one  d e s c r i b e d  
i n  t h e  p r e v i o u s  c a s e s  t h e  s l o p e  a t  t h e  c o n n e c t i n g  
edge o f  t h e  s u p p o r t i n g  f l a n g e  o b t a i n s  a s s
W \Ï Ï X  f— ^  - r -  T T
D, (51®-+ ?,®-)
2 o ( ., Pi S, ta, 4 - o t, g»i (s.® +  h ® ) b , Cos. b ,
$ i  C o s  ta, oC^ b ,





Now, a s s u m i n g  t h a t  t h e  b o u n d a r y  c o n d i t i o n s  f o r  
t h e  b u c k l i n g  web a l o n g  t h e  edge  a r e s
h r  =  Û
4.24a
From t h e  a s s u m p t i o n s  made f o r  t h e  c o n n e c t i n g  e d g e s s
=  -  JïLfcsw.î2iiE2£; =
D ^  D\ ^
and____________
T h e r e f o r e  f ro m  4  h24-a an d  4  2 5 a




S u b s t i t u t i n g  f ro m  4 . 2 3 a  a n d  t a k i n g  oC =   ^ ^
and b * U b |  g iv e s § :  ,
^   ^ Cd>S^b^H Cost^^  StAX
^ { 2 - f s p  + p ( s % t ? ) c c W ^ y ^ o ! i i v Z y ^ |  + ( ^ s v j y ) s w v L 5 y , s i * N ^ y i
F o r  a n y  v a l u e  o f  h h  t h e  r a t i o  a t  w h ic h
Kx*r i s  a. minimum c a n  be o b t a i n e d  f r o m  F ig o  Q s )  o 
U s in g  t h e s e  v a l u e s  t h e  c o r r e s p o n d i n g  v a l u e  o f  H 
i s  t h e n  o b t a i n e d  f r o m  e q u a t i o n  4 « 2 4 a ,  The r e s u l t s  
o f  t h e s e  c a l c u l a t i o n s  a r e  i n c o r p o r a t e d  i n  F i g o ( 5 ’6)o
( b )  I n s t a b i l i t y  o f  F la n g e s :
A ssum in g  t h e  b e n d i n g  moment a t  t h e  c o n n e c t i n g  
edge  o f  t h e  s u p p o r t i n g  p l a t e s  i n  t h i s  c a s e  t h e  webp t o
be  Ml The b o u n d a r y  c o n d i t i o n s  a l o n g  t h e  u n l o a d e d
e d g e s  o f  t h e  web a r e  i d e n t i c a l  w i t h  t h o s e  f o r  t h e  
s u p p o r t i n g  web o f  a  l i p p e d  c h a n n e l  » t h e r e f o r e  t h e  
d e f l e c t i o n  f o r m  i s * a l s o  s i m i l a r  and  th e n ’s l o p e  a t  
t h e  c o n n e c t i n g  e d g e  i s  g i v e n  bys
^  SiVvÇib 0  — SiY\^<^b(coS^b~03 w - _ OL
a<i D(k®-+p*) S e w 6 b
l e t  t h e  b o u n d a r y  c o n d i t i o n s  f o r  t h e  b u c k l i n g  
f l a n g e  a l o n g  t h e  c o n n e c t i n g  e d g e  =■ 0  b e :
t r ,  = 0
4.21b
aw; _  ax j j
Now A.&. =  sw\
B, a  D ÛL
— oCt=o(,, & =  e> and b =  14 b; « T h e r e f o r e  f ro m  
4 , 2 1  b and 4o22b« Je = Siw^C^,V\bi suv\^,Mb,
SC, S w \ H  b j n  —CûSko(.^HbA 4 - ^ , Svv4\o(,b b , ( t£ lS ^  b , —
--------------------------------4 ' 2 Z b




The v a l u e s  o f  e l a s t i c  c r i t i c a l  l o a d s  f o r  u n i f o r m l y  
co m p re sse d  p l a t e s  s i m p ly  s u p p o r t e d  a l o n g  t h e  l o a d e d  e d g e s  
and h a v i n g  b o u n d a r y  c o n d i t i o n s  4  228. and  4  ^22b a l o n g  t h e  
u n lo a d e d  edge  h a v e  b e e n  e v a l u a t e d  i n  S e c t i o n  E f o r  
th e  v a r i o u s  v a l u e s  o f  and  shown i n  Figo(28)o
Prom P i g 0 (28) t h e  v a l u e  o f  -febj t h e  s m a l l e s t  v a l u e  o f  
w h e r e a n d  t h e  c o r r e s p o n d i n g  r a t i o  c a n  be
o b t a i n e d o  U s i n g  t h e s e  v a l u e s  t h e  c o r r e s p o n d i n g  v a l u e  
o f  H i s  t h e n  o b t a i n e d  f r o m  e q u a t i o n  4^23bo  The 
r e s u l t s  a r e  shown p l o t t e d  i n  P ig o (S 6 )  w h ic h  i s  a  
com bined  c u r v e  f o r  t h e  f l a n g e  and  web i n s t a b i l i t y o  
The v a l u e s  o f  i n  t h e  web f a i l u r e  r a n g e  a r e  
e q u i v a l e n t  v a l u e s  g i v e n  by  =r ^
Uo3 APPROXIMATE KTHOD OP OOWUTING MAXIMUM
LOADS OP COtlPOSITE STRUCTURAL PORMSs
vv
The c u r v e s  o f  a v e r a g e  s t r e s s  a g a i n s t  J(where
W =    f o r  s i n g l e  p l a t e s  a r e  com puted  by  t h e
method d e s c r i b e d  i n  S e c t i o n  3 a I n  c o m p o s i t e
s t r u c t u r a l  s e c t i o n s  i f  t h e  b o u n d a r y  c o n d i t i o n s  o f
d i f f e r e n t  p l a t e s  a r e  known t h e  c u r v e s  o f  a g a i n s t
Ki^  — . c a n  be  p l o t t e d  f o r  e a c h  p l a t e  o B o u n d a ry
c o n d i t i o n s ,  a l o n g  t h e  u n l o a d e d  c o n n e c t e d  e d g e s ,  ( a t  
t h e  l o a d  a t  w h i c h  i n s t a b i l i t y  i n i t i a t e s )  o f  t h e  p l a t e  
component  w h i c h  b u c k l e s  f i r s t  c a n  be  e v a l u a t e d  f o r  
v a r i o u s  s t r u c t u r a l  f o r m s  by  t h e  m ethod  d e s c r i b e d  i n  
p r e v i o u s  s e c t i o n s o  I n  t h e  p r e s e n t  a n a l y s i s  i t  i s  
a ssumed t h a t  t h e s e  b o u n d a r y  c o n d i t i o n s  a l o n g  t h e s e  
e d g e s  o f  t h e  b u c k l i n g  p l a t e  com ponen t  r e m a i n  c o n s t a n t  
d u r i n g  t h e  p e r i o d  f o l l o w i n g  t h e  i n i t i a t i o n  o f  
i n s t a b i l i t y o  I t  i s  a l s o  a ssu m ed  t h a t  t h e  u n l o a d e d
C<7)
DETERMINATION O F MAX. 
S T R E S S
.20
(chcjinfl)_Ü£«jA9 
"  1 *  H
C
R ^ C S « )
U P P E D  CHA NNELS
AVERAGE ST R E SS#^ AVERAGE STRAIN
crHj
O 0 .4 0 6 o  e I a
e d g e s  o f  t h e  s u p p o r t i n g  p l a t e  componen t  i n  t h e  p o s t
b u c k l i n g  r a n g e  become s i m p l y  s u p p o r t e d  a l o n g  t h e
c o n n e c te d  edgeSo W i th  t h e s e  a s s u m p t i o n  i t  i s  p o s s i b l e
to  p l o t  c u r v e s  o f  f o r  a l l  t h e  p l a t e
c o m p o n e n t S o  A ssum ing  t h a t  t h e  a v e r a g e  s t r a i n s
f o r  t h e  v a r i o u s  p l a t e  c o m p o n e n t s  a r e  e q u a l ,  t h e  sum
of  t h e  l o a d s  c a r r i e d  by  t h e  p l a t e  c o m p o n e n ts  a r e
e v a l u a t e d ,  g i v i n g  t h e  a v e r a g e  s t r e s s  c a r r i e d
by t h e  s t r u c t u r a l  s e c t i o n  a s T o t a l  l o a d
A re a  o f  x  s e c t i o n ^
From t h e  c u r v e  o f  t h e  maximum v a l u e  o f
^  OLAT . / u f i t A T
t h i s  a v e r a g e  s t r e s s  c a n  be e v a l u a t e d o
As a n  i l l u s t r a t i o n  c o n s i d e r  a  l i p p e d  c h a n n e l  o f  
t h e  d im e n s io n s  shown i n  t h e  FigoC^7) „ F o r  H =  2<0 
i t  c a n  be s e e n  f r o m  F i g o (54) t h a t  t h e  web b u c k l e s
f i r s t  and =  13«2S and  F i g ( l 8 ) c o r r e s ­
p o n d i n g  t o  t h i s  minimum v a l u e  o f  , jfcb c a n  be  f o u n d
by i n t e r p o l a t i o n  t o  be  7*^ o Thus  t h e  e l a s t i c
f i x i t y  f o r  t h e  web i s  knowno The f l a n g e  i s  a ssum ed  
t o  b e  s i m p ly  s u p p o r t e d  a l o n g  b o t h  t h e  u n l o a d e d  edges®
The c u r v e s  o f  b o t h  t h e  p l a t e  c o m p o n e n ts
a r e  shown p l e t t e d  i n  F i g  o (56)  o The a v e r a g e  s t r e s s
c a r r i e d  by t h e  l i p p e d  c h a n n e l  a t  a n  a v e r a g e  s t r a i n  o f  
0 * 0 0 0 9  i n c h / i n c h  i s  t h e n :
6;.^ ( 1-74-+ 2x0-05 X2'7)xl0*_ 2-22 x lo"*
Thus t h e  c u r v e  o f  f  o r  t h e  l i p p e d  c h a n n e l
can  be  d raw n  by  m eans o f  s i m i l a r  c a l c u l a t i o n s  and  t h e  
maximum s t r e s s  v a l u e  c a n  be d e t e r m i n e d o  C u r v e s  o f
^  f o r  l i p p e d  c h a n n e l s  w i t h  H=2*6 and v a r i o u s
t h i c k n e s s e s  a r e  shown i n  F igo  ( 5 ^ )  o C u r v e s  o f
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( 0  2.
p c r i tv ^  ^  o b t a i n e d  i n  t h i s  m an n e r  a r e
shown i n  P i g S o ( 6 0 )  t o (64) i n c l u s i v e  f o r  v a r i o u s  H 
v a l u e s  o f  l i p p e d  and p l a i n  c h a n n e l  s e c t i o n s ,  and  bo x  
s e c t i o n s o
I t  was s e e n  i n  S e c t i o n  3  t h a t  t h e  d i s t r i b u t i o n s  
o f  s t r a i n s  and d e f l e c t i o n s  c an  be  e v a l u a t e d  f o r
p l a t e s  i f  t h e  v a l u e  o f  n. =.  c o r r e s p o n d i n g  t o  a
c e r t a i h  l o a d  i s  knowno I n  t h e  c a s e  o f  c o m p o s i t e  
s t r u c t u r a l  s e c t i o n s ,  t h e  v a l u e  o f  vx, c o r r e s p o n d i n g  
t o  any  l o a d ;  g i v e n  by  c a n  be  o b t a i n e d
f ro m  f o r  t h a t  s t r u c t u r a l  s e c t i o n ,  and
t h e  d i s t r i b u t i o n s  o f  s t r a i n s ,  e t c o  o b t a i n e d  f o r  t h e  
p a r t i c u l a r  l o a d ,  i n  a  m an n e r  s i m i l a r  t o  t h e  one 




The e x p e r i m e n t a l  w o rk  u n d e r t a k e n  was p l a n n e d  ( a )  
t o  d e t e r m i n e  t h e  e f f e c t  o f  d i m e n s i o n  v a r i a t i o n s  on t h e  
e l a s t i c  c r i t i c a l  an d  maximum l o a d  c a r r y i n g  c a p a c i t y ,  
o f  t h i n  w a l l e d  s h o r t  s t r u t s ,  and  (h )  t o  o b t a i n  t h e  
s t r a i n  d i s t r i b u t i o n s  and  d e f o r m a t i o n  c h a r a c t e r i s t i c s  
o f  v a r i o u s  p l a t e  componentSo
E x p e r i m e n t s  u n d e r  ( a )  w e re  c a r r i e d  o u t  
e s s e n t i a l l y  t o  d e t e r m i n e  t h e  c r i t i c a l - l o a d  and  
maximum l o a d  u n d e r  l o c a l  i n s t a b i l i t y  c o n d i t i o n s  and  
t h e r e f o r e  c o m p a r a t i v e l y  s h o r t  l e n g t h s  w e re  u s e d  t o  
e n s u r e  t h a t  p l a t e  b u c k l i n g  w ould  o c c u r  w i t h  t h e  e d g e s  
r e m a i n i n g  s t r a i g h t o
E x p e r i m e n t s  u n d e r  (b )  w e re  p e r f o r m e d  f o r  a  
c o m p a r i s o n  o f  e x p e r i m e n t a l  a n d  t h e o r e t i c a l  s t r a i n  
d i s t r i b u t i o n s  an d  d e f l e c t e d  f o r m s  o f  v a r i o u s  p l a t e  
c o m p o n e n ts  o f  s h o r t  s t r u c t u r a l  s e c t i o n s  l o a d e d  i n  
c o m p r e s s i o n *
The r e s u l t s  o f  a  l a r g e  num ber  o f  t e s t s  on  c o l d  
p r e s s e d  p l a i n  c h a n n e l s ,  l i p p e d  c h a n n e l s  and a n g l e  
s e c t i o n s  an d  h o t  d raw n  box  s e c t i o n s  a r e  p r e s e n t e d o  
The r a n g e  o f  s p e c i m e n s  t e s t e d  i s  d e s c r i b e d  i n  d e t a i l  
f o r  e a c h  e x p e r i m e n t a l  s e r i e s *  ;
5oO EXPERIMENTAL APPLIANCESo 
End P l a t t e n s g
S p e c i a l  en d  p l a t t e n s  w e re  d e s i g n e d  t o  f i t  i n  a  





w h ic h  was u s e d  f o r  l o a d i n g  a l l  t h e  sp e c im en so  
A k n i f e  edge  was p r o v i d e d  a t  e a c h  end o f  t h e  b l o c k  
p a r a l l e l  t o  t h e  a x i s  o f  l e a s t  moment o f  i n e r t i a  o f  
t h e  s t r u c t u r a l  s e c t i o n ,  t h u s  p r o v i d i n g  h i n g e d  end 
c o n d i t i o n s  f o r  t h e  s t r u t  a s  a  w h o le  a b o u t  t h i s  a x i s *
I n  o r d e r  t o  r e a l i s e  a s  n e a r l y  a s  p o s s i b l e  s i m p l y  
s u p p o r t e d  edge  c o n d i t i o n s  f o r  e a c h  p l a t e  componen t  end 
s u p p o r t s  w i t h  s e m i - c i r c u l a r  g r o o v e s , a s  shown i n  Pig*( 
a n d (66) w ere  u s e d  f o r  a c c o m m o d a t in g  t h e  s p e c im e n s *
S t r a i n  M e a s u r in g  G ears
^  i n c h  g au g e  l e n g t h  f o i l  t y p e  e l e c t r i c a l  
r e s i s t a n c e  s t r a i n  g a u g e s  w ere  u s e d  f o r  m e a s u r i n g  t h e  
s t r a i n  d i  s t r i b u t i o n o  A B a l d w i n 'L i m a - H a m i I t  on t y p e  
s t r a i n  b r i d g e  was u s e d  f o r  t h e  m e a s u re m e n t  o f  s t r a i n s .  
D e f l e c t i o n  M e a s u r in g  G ears
D i a l  g a u g e s  and  M oire  f r u i g e  a p p a r a t u s  shown i n  
P i g * (67) * w ere  u s e d  f o r  t h e  m e a s u re m e n t  o f ' d e f l e c t i o n s  
The t h e o r e t i c a l  b a c k g r o u n d  and  t h e  d e v e l o p m e n t  o f  t h e  
M oire  f r u i g e  a p p a r a t u s  i s  g i v e n  i n  A p p e n d ix  6  *
5*1 TESTING TECHNIQUE^ AND EXPERIMENTAL RESULTS*
D e t e r m i n a t i o n  Of C r i t i c a l  I n s t a b i l i t y  C o n d i t i o n s  
Two d i f f e r e n t  m e th o d s  w ere  u s e d  f o r  a s c e r t a i n i n g  
t h e  e x p e r i m e n t a l  c r i t i c a l  l o a d  a n d  t h e  c o r r e s p o n d i n g  
s t r e s s *  The f i r s t  m ethod  i s  b a s e d  on  t h e  s t r a i n  
v a r i a t i o n  c h a r a c t e r i s t i c s  and t h e  s e c o n d  on  t h e  
c o r r e s p o n d i n g  d e f l e c t i o n  v a r i a t i o n *
I n  t h e  f i r s t  m ethod  e l e c t r i c a l  r e s i s t a n c e  s t r a i n  
g a u g e s  were  p l a c e d  -  ( a t  t h e  c e n t r e  o f  t h e  w e b s ,  a t
M#* dmcl ( Flong* ) 
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s 'a O - l lb 't H l .  K 
L o ad  D cf to c tia o  V b no tion
f
f w o
t h e  c e n t r e  o f  t h e  f l a n g e s  o f  l i p p e d  c h a n n e l s  and n e a r  
t h e  c e n t r e  o f  t h e  o u t e r  e d g e  o f  f l a n g e s  o f  p l a i n  
c h a n n e l s  and  a n g l e  s e c t i o n s )  -  i n  t h e  d i r e c t i o n  o f  t h e  
a p p l i e d  c o m p r e s s i o n  f o r  m e a s u r i n g  t h e  m id d l e  p l a n e  
s t r a i n s  and n o r m a l  t o  t h e  d i r e c t i o n  o f  t h e  a p p l i e d
l o a d  f o r  t h e  c o r r e s p o n d i n g  m id d l e  p l a i n  s t r a i n ;  6 ^  « 
Curves  o f  l o a d  P a g a i n s t  ( 6 were  p l o t t e d  
( ? i g ( 6 8 ) ) ;  t h e  l o a d  c o r r e s p o n d i n g  t o  t h e  maximum v a l u e  
o f  b e i n g  t a k e n  a s  t h e  c r i t i c a l  l o a d ,
T h i s  was i n  a c c o r d a n c e  w i t h  t h e  t h e o r e t i c a l  r e l a t i o n ­
s h i p s  p r e s e n t e d  i n  S e c t i o n  I I I  (See  F i g ( ^ 5 ) ) .
The s e c o n d  m e th o d  was s u g g e s t e d  by t h e  
t h e o r e t i c a l l y  d e r i v e d  r e s u l t  shown i n  F i g o (4 7 )*  Owing 
t o  t h e  i n i t i a l  i m p e r f e c t i o n s  p r e s e n t  i n  t h e  p l a t e  
co m p o n e n ts  f l e x u r e  o f  p l a t e s  o c c u r s  b e f o r e  t h e  c r i t i c a l  
l o a d  i s  r e a c h e d  a n d  t h e  e x p e r i m e n t a l l y  d e r i v e d
c u r v e s  o b t a i n e d  a r e  o f  t h e  fo rm  shown i n  F igo  (6^)j and
/
(7o) 0 I n  t h e  c a s e  o f  s h o r t  s t r u t s  t h e s e  c u r v e s  do n o t  
h ave  h y p e r b o l i c  c h a r a c t e r i s t i c s  a n d  t h e r e f o r e  t h e  
S o u t h w e l l  -  I i u n d q u i s t  p l o t s  t e n d  t o  p r e d i c t  v a l u e s  o f  
t h e  c r i t i c a l  l o a d  h i g h e r  t h a n  t h e  t h e o r e t i c a l *  I t  
was f o u n d ,  h o w e v e r ,  t h a t  t h e  l o a d  c o r r e s p o n d i n g  t o  t h e  
t o p  o f  knee'* o f  t h e  P c u r v e  g i v e s  a  b e t t e r
a p p r o x i m a t i o n o
The **top o f  knee** was o b s e r v e d  t o  be b e s t  
a p p r o x i m a t e d  t o  by t h e  p o i n t  o f  i n t e r s e c t i o n  B o f  
t h e  l i n e  s u c h  a s  AB draw n  t h r o u g h  t h e  p r e - c r i t i c a l  
r e g i o n  and  t h e  t a n g e n t  C 6  d raw n  t h r o u g h  t h e  p o i n t  
o f  i n f l e x i o n  i n  t h e  p o s t - c r i t i c a l  r e g i o n *
L IPPED  CHANNELS
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T e s t  S e r i e s  ( a )
The f i r s t  s e r i e s  o f  t e s t s  w e re  c a r r i e d  o u t  t o  
a B s e s  t h e  e f f e c t  o f  d i m e n s i o n  v a r i a t i o n s  on  t h e  e l a s t i c  
c r i t i c a l  and  maximum l o a d  c a r r y i n g  c a p a c i t y  o f  v a r i o u s  
s t r u c t u r a l  s e c t i o n s ,  a n d  a l s o  t o  d e t e r m i n e  t h e  c o ­
r e l a t i o n  b e tw e e n  t h e  c r i t i c a l  a n d  maximum s t r e s s e s *
The f o l l o w i n g  g r o u p s  o f  e x p e r i m e n t s  w e re  
p e r f o r m e d  i n  T e s t  S e r i e s  ( a ) *
Group l o  The f i r s t  g r o u p  o f  t e s t s  c o v e r e d  a  w ide  
r a n g e  o f  l i p p e d  a n d  p l a i n  c h a n n e l  s e c t i o n s  a n d  was 
i n t e n d e d  p r i m a r i l y  a s  a  m eans o f  s t u d y i n g  
e x p e r i m e n t a l l y  t h e  v a r i a t i o n  o f  c r i t i c a l  s t r e s s  i n  
l o c a l  i n s t a b i l i t y  w i t h  t h e  c h a n g e  i n  t h e  web t o  f l a n g e  
w i d t h  r a t i o  H o
T e s t s  w e re  c a r r i e d  o u t  on  l i p p e d  c h a n n e l s  w i t h  
c o n s t a n t  o u t s i d e  web s i z e  o f  l e n g t h  o f  and
l i p  s i z e  o f  S e t s  o f  5 t o  U s p e c i m e n s  f o r  t h r e e
d i f f e r e n t  t h i c k n e s s e s  w i t h  t h e  f l a n g e  s i z e  v a r y i n g  
f rom  2 ^  t o  6^ w e re  t e s t e d *  T w enty  two p l a i n  
c h a n n e l s  o f  v a r i o u s  t h i c k n e s s e s  and  o f  c o n s t a n t  web s i z e  o f  
and  l e n g t h  o f  |2=7 w i t h  t h e  f l a n g e  s i z e  v a r y i n g  
f rom  & 6^ t o  w e re  a l s o  t e s t e d *
The v a r i a t i o n  o f  t h e  c r i t i c a l  s t r e s s e s  w i t h
H" f o r  l i p p e d  and  p l a i n  c h a n n e l s  a r e  shown p l o t t e d  i n
a  n o n = d i m e h s i o n a l  f o rm  i n  P ig *  ( 7 | )  andCl2)  *
The v a l u e s  o f  EL and V> u s e d  i n  P ig *  ( and  (7 2 )
a r e  a v e r a g e  v a l u e s  o b t a i n e d  f r o m  e x t e n s i v e  m a t e r i a l  
c h a r a c t e r i s t i c  t e s t s  p e r f o r m e d  on  f l a t  s p e c i m e n  
m a c h in e d  f ro m  t h e  s t r u c t u r a l  s e c t i o n s *  T hese  t e s t s
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a r e  d i s c u s s e d  i n  d e t a i l  i n  A p p e n d ix  5  «
Group 2o The s e c o n d  g r o u p  o f  t e s t s  w e re  c a r r i e d  
o u t  t o  d e t e r m i n e  t h e  v a r i a t i o n  o f  c r i t i c a l  s t r e s s  o f  
e q u a l  a n g l e  s e c t i o n s  w i t h  t h e  c h a n g e  i n  l e n g t h *  
T h i r t y ^ e i g h t  e q u a l  a n g l e  s e c t i o n s  o f  4 ^  l e g  s i z e  and  
f o u r  d i f f e r e n t  t h i c k n e s s e s  a n d  t h e  l e n g t h s  
v a r y i n g  f rom  4 ^  t o  16 '^ w e re  t e s t e d *  " R e s u l t s  
o b t a i n e d  a r e  shown i n  F ig *  (7 3 )  o 
Group 3o A l t h o u g h  t h e  f i r s t  a n d  s e c o n d  g r o u p  o f  
t e s t s  i n  t h i s  s e r i e s  were  c o n c e r n e d  p r i m a r i l y  w i t h  
t h e  c r i t i c a l  s t r e s s e s 9 t h e  maximum l o a d s  s u p p o r t e d  
by  t h e  s p e c i m e n s  w e re  a l s o  r e c o r d e d  and  t h e  maximum 
s t r e s s  e v a l u a t e d *  I t  was f o u n d  (See  A p p e n d ix  5  ) 
t h a t  t h e  y i e l d  s t r e s s e s  o f  m i l d  s t e e l  u s e d  f o r  t h e s e  
s t r u c t u r a l  s e c t i o n s  v a r i e d  c o n s i d e r a b l y  f r o m  one 
t h i c k n e s s  t o  a n o t h e r 9 and  s i n c e  t h e  maximum s t r e s s  
d e p e n d s  u po n  t h e  y i e l d  s t r e n g t h  o f  t h e  m a t e r i a l ,  
t h e r e f o r e  c u r v e s  o f  ^  were  p l o t t e d  f o r
l i p p e d  and  p l a n e  c h a n n e l s  and  a r e  shown i n  P i g s *(74-) 
a n d  ( 7 5 ) o The r e s u l t s  o f  ^/fa f o r  a n g l e
s e c t i o n s  a r e  ^ o w n  i n  P i g  * (7&)o
Group  4* T h i s  g r o u p  o f  t e s t s  was c a r r i e d  o u t  t o  
d e t e r m i n e  e x p e r i m e n t a l l y  t h e  c o r r e l a t i o n  b e tw e e n  
t h e  c r i t i c a l  a n d  maximum s t r e s s e s ,  i n  l o c a l  i n s t a b i l i t y ,  
c a r r i e d  by v a r i o u s  s t r u c t u r a l  s e c t i o n s *  C r i t i c a l  
s t r e s s e s  and  maximum s t r e s s  o f  a b o u t  160  l i p p e d  
c h a n n e l s ,  p l a i n  c h a n n e l s ,  e q u a l >a n g l e  s e c t i o n s  an d  bo x  
s e c t i o n s  w ere  r e c o r d e d ©








02 0-4 0 6 0 8 I'O
Oyletti
H=20
H = 2 - 2 0  




0  4 a s0-60-2 1-0o
OTr,b









A _ H =  1 .4 5  
t; —H= 1.47^  
O — H a 2’ 68 
b >
















O W m ST'O 




# — H .  3 .2 0 / 
> o
- — .









------- - - ------
i
0 »

























f o r  v a r i o u s  H v a l u e s  o f  l i p p e d  c h a n n e l s  a r e  shown i n  
F i g s ,  ( 7 7 )  and  ( 7 8 )  o S i m i l a r  r e s u l t s  f o r  p l a i n  
c h a n n e l  s e c t i o n s  and e q u a l  a n g l e  s e c t i o n s  a r e  shown i n  
PigSoO'^),(ao)andCBl) o
The s q u a r e  t u b e  s e c t i o n s  t e s t e d  w e re  a l l  i n  t h e  
r a n g e  o f  m a t e r i a l  f a i l u r e  and  t h e  r e s u l t s  f o r  t h e s e  
a r e  shown i n  P i g o ( 8 2 ) 0  
T e s t  S e r i e s  ( b ) §
I n  t h i s  s e r i e s  t e s t s  w ere  c a r r i e d  o u t  t o  
d e t e r m i n e  t h e  s t r a i n  d i s t r i b u t i o n s  and d e f l e c t i o n  
fo r m s  a c r o s s  t h e  p l a t e  c o m p o n e n ts  o f  v a r i o u s  
s t r u c t u r a l  fo rm so  The t e s t s  h a v e  b e e n  d e v i d e d  up  
i n t o  two g r o u p s  and  t h e  t e c h n i q u e s  o f  t e s t i n g  i s  
d e s c r i b e d  f o r  e a c h  g roup*
Group l o  I n  t h e  f i r s t  g r o u p  o f  t e s t s  s t r a i n  d i s ­
t r i b u t i o n s  a c r o s s  t h e  c e n t r a l  s e c t i o n  o f  l i p p e d  
c h a n n e l s ,  p l a i n  c h a n n e l s  and  a n g l e  s e c t i o n s - w e r e  
d e t e r m i n e d  e x p e r i m e n t a l l y *
E l e c t r i c a l  r e s i s t a n c e  s t r a i n  g a u g e s  w ere  p l a c e d  
i n  t h e  d i r e c t i o n  and  n o r m a l  t o  t h e  d i r e c t i o n  of.  t h e  
l o a d  on b o t h  f a c e s  o f  t h e  p l a t e  c o m p o n e n ts  o f  
s t r u c t u r a l  s e c t i o n s o  The c o r r e s p o n d i n g  s t r a i n  g a u g e s  
were  c o n n e c t e d  i n  s e r i e s  t o  c o m p e n s a te  f o r  t h e  b e n d i n g  
s t r a i n s  and  t h u s  make i t  p o s s i b l e  t o  a s c e r t a i n  t h e  
m id d l e  p l a n e  s t r a i n s o  To make s u r e  t h a t  t h e  a p p l i e d  
l o a d  was u n i f o r m l y  d i s t r i b u t e d  a c r o s s  t h e  l o a d e d  e d g es*  
s t r a i n  r e a d i n g s , i n  t h e  d i r e c t i o n  o f  t h e  a p p l i e d  l o a d , 6 ^  
were  m e a su re d  a t  a  s m a l l  l o a d  and  t h e  p o s i t i o n  o f  t h e  
s p e c im e n  r e l a t i v e  t o  t h e  k n i f e  edge  o f  t h e  l o a d i n g
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p l a t t e n g  a d j u s t e d  t o  g i v e  a p p r o x i m a t e l y  e q u a l  v a lu e S o  
A f t e r  t h e  s p e c im e n  was s e t  and  s t r a i n s  w ere
m e a su re d  a t  a  l a r g e  num ber  o f  l o a d s *  E a c h  o f  t h e  :
s t r a i n  r e a d i n g s  w e re  p l o t t e d  a g a i n s t  t h e  r a t i o  
a v e r a g e  s t r e s s / y i e l d  s t r e s s  a n d  w h e s t*  c u r v e s  d r a w n ,  
r e a d i n g s  a t  s e l e c t e d  v a l u e s  o f  b e i n g
t h e n  o b t a i n e d  f ro m  t h e s e  c u r v e s *  Some o f  t h e  t y p i c a l  
r e s u l t s  a r e  shown* P i g s *  ( 8 3 )  a n d  (8 4 )  g i v e  t h e  
d i s t r i b u t i o n s  o f  s t r a i n  a c r o s s  t h e  web a n d  f l a n g e  o f  
two l i p p e d  c h a n n e l s  a t  s e l e c t e d  /(TŸîeC^ï' v a l u e s *
The s t r a i n s  i n  t h e  c a s e  o f  t h e  f l a n g e  a r e  a v e r a g e s  o f  
t h e  two f l a n g e s *  P ig*  ( 6 5 )  shows t h e  s t r a i n  d i s t r i ­
b u t i o n s  a c r o s s  t h e  c e n t r e  o f  a  p l a i n  c h a n n e l  o b t a i n e d  
i n  a  s i m i l a r  m anner  a s  f o r  t h e  l i p p e d  c h a n n e l *  I n  
P ig o  ( 8 6 )  and  ( 8 7 )  a r e  shown s t r a i n  d i s t r i b u t i o n s  a c r o s s  
t h e  c e n t r e  l i n e  o f  an  e q u a l  a n g l e  s e c t i o n  a n d  a  s q u a r e  
t u b e  r e s p e c t i v e l y *
The t o t a l  a v e r a g e  s t r a i n  was a l s o  e v a l u a t e d
a t  v a r i o u s  l o a d s  f o r  t h e  abo v e  c a s e s  c o n s i d e r e d  a n d  c u r v e s  
o f  9-^6 shown p l o t t e d  i n  P i g s .
( 8 8 )  and  ( 8 9 )  .
Group 2o The s e c o n d  g r o u p  o f  t e s t s  i n  t h i s  s e r i e s  was 
c a r r i e d  o u t  on l i p p e d  c h a n n e l s  f o r  d e t e r m i n i n g  t h e  
d e f l e c t e d  s u r f a c e s  o f  v a r i o u s  p l a t e  c o m p o n e n t s .  A 
M oire  method was d e v e l o p e d  f o r  d e t e r m i n i n g  t h e  s l o p e  
c o n t o u r s  on t h e  a c t u a l  s t r u c t u r a l  s e c t i o n s *  The 
t h e o r e t i c a l  b a c k g r o u n d  an d  t h e  d e v e l o p m e n t  o f  t h i s  
t e c h n i q u e  a r e  d i s c u s s e d  i n  d e t a i l  i n  A p p e n d ix  6  .
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B r i e f l y ,  t h e  m ethod  c o n s i s t s  i n  t a k i n g  p h o t o g r a p h s  
o f  a  g r i d  o r  r u l e d  s c r e e n  r e f l e c t e d  f rom  t h e  p o l i s h e d  
s u r f a c e  o f  t h e  u n l o a d e d  s p e c im e n  p l a t e  and  s u p e r ­
im p o s in g  on t h i s  a  p h o t o g r a p h  o f  t h e  s c r e e n  r e f l e c t e d  
from t h e  same s u r f a c e  i n  t h e  l o a d e d  spec im en*  I f  t h e  
spec im en  d e f l e c t s  d u r i n g  l o a d i n g  M oire  f r u i g e s ,  i o 6 o 
c o n t o u r s  o f  c o n s t a n t  s l o p e  a r e  o b t a i n e d *  The r u l e d  
s c r e e n  c o n s i s t e d  o f  p a r a l l e l  s t r a i g h t  b l a c k  and w h i t e  
l i n e s  o f  e q u a l  t h i c k n e s s  o I f  t h e  v e r t i c a l  a x i s  
o f  t h e  sp e c im e n  i s  d e n o t e d  by X  , t h e n  i f  t h e  r u l i n g  
on t h e  s c r e e n  i s  h o r i z o n t a l  t h e  M oir^  f r u i g e s  a r e  
e q u i v a l e n t  t o  c o n t o u r s  o f  I f 9 h o w e v e r ,  t h e
r u l i n g  o f  t h e  s c r e e n  i s  v e r t i c a l ,  c o n t o u r s  a r e
o b t a i n e d *  I t  h a s  b e e n  shown i n  t h e  A p p e n d ix  6  t h a t  
t h e s e  s l o p e  c o n t o u r s  have  an  i n t e r v a l  where  <
i s  t h e  d i s t a n c e  b e tw e e n  t h e  s c r e e n  and  t h e  specim en*
A t y p i c a l  s e t  o f  p h o t o g r a p h s  a t  v a r i o u s  l o a d s  
o b t a i n e d  by t h i s  m ethod  f o r  a  p l a i n  c h a n n e l  web and 
f l a n g e  a r e  shown i n  P i g * ( % )  t o (4 6)  i n c l u s i v e *
A method o f  m a rk in g  t h e  r u l i n g  on  t h e  s c r e e n  
was employed  (See  A p p en d ix  6  ) so t h a t  t h e  a b s o l u t e
v a l u e  o f  t h e  s l o p e  c o n t o u r s  c o u l d  be o b t a i n e d *  Once 
t h e  a b s o l u t e  v a l u e s  o f  t h e  c o n t o u r s  a r e  known t h e  
d i s t r i b u t i o n s  6 f  s l o p e s  a c r o s s  an y  se<5t l o n  c a n  be  
o b t a i n e d  and  by m e a n a  o f  g r a p h i c a l  i n t e g r a t i o n  t h e  
d e f l e c t e d  fo rm  e v a l u a t e d * .
The m ethod  o f  o b t a i n i n g  t h e  d e f l e c t i o n s  i s  
i l l u s t r a t e d  i n  t h e  Appendix*
Some t y p i c a l  r e s u l t s  o b t a i n e d  by t h i s  method  q r e
( ) r
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shown i n  P i g o 0 7 ) - b o  o F igo  g i v e s  t h e
d i s t r i b u t i o n  o f  d e f l e c t i o n  a l o n g  v a r i o u s  s e c t i o n s  o f  
t h e  f l a n g e  o f  à  p l a i n  c h a n n e l  c o r r e s p o n d i n g  t o  a  l o a à  P  
v a lu e s  o f  6 "!^ & I M T 9 I n  P ig*  ( i 8 ) i s  shown t h e  p l o t  o f
a g a i n s t  t h e  maximum d e f l e c t i o n  o f  t h e  same 
f l a n g e  and F i g o g i v e s  t h e  d e f l e c t i o n  d i s t r i b u t i o n s ,  
i n  t h e  p o s t - b u c k l i n g  r a n g e , a l o n g  v a r i o u s  s e c t i o n s  o f  
t h e  web o f  a  l i p p e d  c h a n n e l ;  t h e  c o r r e s p o n d i n g  Moire  
f r i n g e  p h o t o g r a p h s  a r e  a l s o  shown i n  t h e s e  f i g u r e s o  
F u r t h e r  s i m i l a r  r e s u l t s  a r e  p r e s e n t e d  i n  t h e  A p pend ix  Ç •
S E R IE S  O F  D E F LEC T IO N  
CURVES
Wfb 0* #"x 4'% r  llppfd chann tl 01165*11*. 1278* long
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AMLYSIS AND DISOTJSSIOTT OF 
RESULTSo
K?sr
ANALYSIS AND DISCUSSION OF 
RESULTSo
6oO CRITIOAL STRESS miTIATmGELASTIC INSTABILITY:
As a  p r e l i m i n a r y  t o  t h e  m a j o r  p o r t i o n  o f  t h e  work 
u n d e r t a k e n ;  . t h a t  d e a l i n g  w i t h  t h e  c o l l a p s e  a s  o p p o se d  
t o  t h e  i n i t i a t i o n  o f  b u c k l i n g  c o n d i t i o n s  i t  was c o n ­
s i d e r e d  n e c e s s a r y  t o  a s s e s s  t h e  r e l i a b i l i t y  o f  t h e  
t h e o r y  c o n c e r n e d  w i t h  t h e  e l a s t i c  c r i t i c a l  s t r e s s e s  
p r e s e n t e d  i n  S e c t i o n  2o F u r t h e r  t h e  d e t e r m i n a t i o n  
o f  t h e  e l a s t i c  c r i t i c a l  s t r e s s  i s  a  n e c e s s a r y  
p r e l i m i n a r y  t o  t h e  e v a l u a t i o n  o f  t h e  maximum s t r e s s  
a s  i n d i c a t e d  i n  t h e  t h e o r e t i c a l  work»
Some one h u n d r e d  and t h i r t y  s p e c im e n s  o f  l i p p e d  
and p l a i n  c h a n n e l s ,  and e q u a l  a n g l e  s e c t i o n s  were 
e x p e r i m e n t a l l y  t e s t e d  p r o v i d i n g  a s  f a r  a s  e l a s t i c  
c r i t i c a l  c o n d i t i o n s  were  c o n c e r n e d  e x a m p le s  o f  f l a t  
co m ponen ts  u n d e r  a  v a r i e t y  o f  edge c o n d i t i o n s o  
I n  e v e r y  c a s e  t h e  s p e c im e n  l e n g t h s  w ere  so c h o s e n  
t h a t  p u r e l y  l o c a l  f a i l u r e  u n - i n f l u e n c e d  by o v e r a l l  
i n s t a b i l i t y  was a c h i e v e d o
Figo(^00,IO! ) and (J0 2 ) p r e s e n t  a  c o m p a r i s o n  
o f  some t y p i c a l  e x p e r i m e n t a l  and c o r r e s p o n d i n g  
t h e o r e t i c a l  c r i t i c a l  s t r e s s  r e s u l t s  f o r  a  
r e p r e s e n t a t i v e  r a n g e  o f  spec im en*  The r e s u l t s  a r e  
p r e s e n t e d  i n  a  n o n - d i m e n s i o n a l  fo rm  a l l o w i n g  f o r  t h e  
e f f e c t  o f  t h e  m o d u lu s  o f  e l a s t i c i t y  w hich  was 
d e t e r m i n e d  f ro m  t e s t s  on s e v e r a l  s p e c im e n s  ( f o u r  t o  
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w h ich  v a r i e d  f rom  l b s o / i n ^  t o  3*^6 ^lo I b s o / i n ^  o The
r e s u l t s  o f  m a t e r i a l  c h a r a c t e r i s t i c  t e s t s  a r e  r e p o r t e d  
f u l l y  i n  A p pend ix  5  o
The t h e o r e t i c a l  c u r v e s  a r e  b a s e d  on t h e  r e s u l t s  
o b t a i n e d  i n  s u b - s e c t i o n  4 o l ,  ko2  and 2oOo I t  may be 
n o te d  t h a t  t h e  t h e o r e t i c a l  r e s u l t s  shown i n  P igofioo)»
(loi) and^OZ) r e p r e s e n t  t h e  e l a s t i c  c r i t i c a l  s t r e s s  
v a r i a t i o n  f o r  p l a t e s  w i t h  v a r i o u s  edge s u p p o r t  c o n ­
d i t i o n s  a l o n g  t h e  u n l o a d e d  edgeso  I n  P igo ( jO o) the  
web o f  t h e  l i p p e d  c h a n n e l  i s  e q u i v a l e n t  t o  a  p l a t e  
w i t h  s y m m e t r i c a l  e l a s t i c  f i x i t y  c o n d i t i o n s :  
v a r y i n g  from 0 t o  13 °5  f o r  t h e  r a n g e  o f  H v a l u e s  
shown® S i m i l a r l y  c u rv e  ®  i n  Pigo(lOi) f o r  t h e  f l a n g e  
o f  a  p l a i n  c h a n n e l  c o r r e s p o n d s  t o  a  p l a t e  w i t h  f r e e  
c o n d i t i o n s  f o r  one u n l o a d e d  edge  and e l a s t i c a l l y  f i x e d  
a l o n g  t h e  o t h e r ;  t h e  feb  v a l u e s  v a r y i n g  f rom  0  t o  
PQ o Curve @ i n  t h e  same f i g u r e  f o r  t h e  web o f  a  
p l a i n  c h a n n e l  i s  a  s i m i l a r  c a s e  t o  t h a t  o f  Pigo (lOO) 
w i t h  t h e  = v a l u e s  v a r y i n g  f ro m  0 t o  3 ° 0 ,
F i n a l l y  t h e  t h e o r e t i c a l  c u r v e  i n  P ig o O ^ Z )  c o r r e s p o n d s  
t o  s im p ly  s u p p o r t e d  and f r e e  c o n d i t i o n s  a l o n g  t h e  
u n l o a d e d  edges®
The e x p e r i m e n t a l  c r i t i c a l  s t r e s s e s  were  
d e t e r m i n e d  by u s i n g  t h e  " t o p  o f  t h e  k n e e "  method 
d e s c r i b e d  i n  S e c t i o n  5oOo The f i r s t  was b a s e d  on 
l o a d  a g a i n s t  d e f l e c t i o n  v a r i a t i o n  c o r r e s p o n d i n g  t o  
t h e  p l a t e  component  f i r s t  e x h i b i t i n g  t h e  o n s e t  o f  
e l a s t i c  i n s t a b i l i t y ®  The d e f l e c t i o n s  were  m easu red  
by d i a l  g a u g e s  a t  o r  n e a r  t h e  p o i n t  o f  maximum
CURVES O F  LOAD ^  D EFLECTIO N  IN T H E
V IC IN IT Y  O F  MAX. D EFLECTIO N







F ig .  ^ (03)
d e f l e c t i o n  a n d / o r  by t h e  M oire  f r i n g e  p a t t e r n ?  f rom  w h ich  
t h e  a c t u a l  maximum d e f l e c t i o n  c a n  be d e d u c te d *  The 
seco n d  method was b a s e d  on t h e  l o a d ^ r e l e v a n t  e q u i v a l e n t  - 
p r i n c i p a l  s t r a i n  4- v a r i a t i o n  ded uced  f rom
s t r a i n  r o s e t t e  r e a d i n g s  p l a c e d  a t  t h e  p o i n t s  c o r r e s p o n d i n g  
t o  maximum d e f l e c t i o n  o f  t h e  p a r t i c u l a r  p l a t e  component  *
P e r  one f o u r t h  o f  t h e  sp e c im en  s i z e s  t e s t e d  t h e
e x p e r i m e n t a l  c r i t i c a l  s t r e s s  was d e t e r m i n e d  u s i n g  b o t h
o f  t h e  p r o c e d u r e s  m e n t io n e d  aboveo F o r  t h e  same
m a t e r i a l  and sp e c im e n  d i m e n s i o n s  good a g re e m e n t  was
i n v a r i a b l y  o b t a i n e d  by a l l  t e c h n i q u e s  and i n  c o n s e q u e n c e
f o r  t h e  r e m a i n i n g  t h r e e  q u a r t e r s  o f  t h e  t e s t s  d i a l  g a u g e s ,
b e i n g  s i m p l e r  i n  e x p e r i m e n t a l  t e c h n i q u e ,  were  u t i l i z e d *
I t  i s  r e l e v a n t  t o  comment h e r e ,  a s  w i l l  be d i s c u s s e d  l a t e r
i n  d e t a i l  t h a t  t h e  Moire f r i n g e  t e c h n i q u e  e x t a b l i s h e s  t h e
co m p le te  d e f l e c t e d  form o f  t h e  whole  s u r f a c e  making  i t
p o s s i b l e  t h e r e b y  t o  o b t a i n  d e f l e c t i o n  a t  any  p o i n t  and
to  p i n - p o i n t  t h e  maximum d e f l e c t i o n *  I t  was shown by
th e  M oire  f r i n g e  t e c h n i q u e  t h a t  u s i n g  t h e  ” t o p  o f  t h e
knee"  method t h e  d e f l e c t i o n  i n  t h e  v i c i n i t y  o f  t h e
maximum d e f l e c t i o n  g iv e s  t h e  same c r i t i c a l  s t r e s s  (Se®
Pigo(l03))o Hence i t  s h o u l d  be n o t e d  t h a t  p r e c i s e
p o s i t i o n i n g  o f  t h e  d i a l  g a u g e s  w i t h  r e s p e c t  t o  t h e
p o i n t  o f  a c t u a l  maximum d e f l e c t i o n ,  i s  n o t  c r i t i c a l *
to
T u r n in g  n o w j th e  th e  c o m p a r i s o n  o f  e x p e r i m e n t a l  
and t h e o r e t i c a l  r e s u l t s  p r e s e n t e d  i n  F i g s o(lOo) to002)  
i t  i s  s e e n  t h a t  good a g re e m e n t  o b t a i n s *  Pig* (lOZ) shows 
t h a t  some o f  t h e  e x p e r i m e n t a l  r e s u l t s  p a r t i c u l a r l y  a t
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r e s u l t s ,  t h e  d e v i a t i o n  p r e s e n t  a p p a r e n t l y  i n c r e a s i n g  
f o r  t h e  s m a l l e r  t h i c k n e s s e s  t e s t e d o  T h i s  i s  a t t r i b u t e d  
t o  t h e  e f f e c t  o f  i n i t i a l  i r r e g u l a r i t i e s  and t h e  s l i g h t  
d e f o r m a t i o n  o f  t h e  " s t r a i g h t " c o n n e c te d '  e d g e ,  d u r i n gI
l o a d i n g ,  w hich  i n f l u e n c e  t h e  b o u n d a ry  c o n d i t i o n s o  I n  
a l l  t h e  o t h e r  r e s u l t s  t h e  s c a t t e r  o f  ÿhe e x p e r i m e n t a l  
v a l u e s  i n  g e n e r a l  i s  e v e n l y  d i s t r i b u t e d  a b o u t  t h e  
t h e o r e t i c a l  cu rv e o
6 c l  MAXIIÆUM STRESS CORRESPONDING- TO COLLAPSES
The t h e o r e t i c a l  a s s e s m e n t  o f  c o l l a p s e  c o n d i t i o n s  
o f  p l a t e s  i s  p r e s e n t e d  i n  S e c t i o n  3 and t h e i r  a p p l i c a t i o n  
t o  s t r u c t u r a l  fo rm s  i n  S e c t i o n  4*
C om par ison  o f  t h e s e  r e s u l t s  q.8 d i s c u s s e d  i n  t h e  
f o l l o w i n g ,  b r o a d l y  on two b a s e s »   ^ F i r s t ,  s t r a i n  
d i s t r i b u t i o n s  were  d e t e r m i n e d  i n  a  number o f  t y p i c a l  
c a s e s  w i t h  t h e  p u r p o s e  t o  t e s t  t h e  r a t i o n a l i t y  o f  t h e  
t h e o r e t i c a l  t r e a t m e n t  by c o m p a r in g  t h e  e x p e r i m e n t a l  
r e s u l t s  w i t h  t h e i r  t h e o r e t i c a l  c o u n t e r p a r t s »  S e c o n d ly ,  
t h e  a c t u a l  maximum s t r e s s e s  a t  c o l l a p s e  m ea su re d  
e x p e r i m e n t a l l y  a r e  compared w i t h  t h e  t h e o r e t i c a l l y  
p r e d i c t e d  v a l u e s »
F i g o (104)to  (106) show c o m p a r i s o n  o f  t h e  t h e o r e t i c a l l y  
p r e d i c t e d  and t h e  e x p e r i m e n t a l l y  m easured  s t r a i n  d i s ­
t r i b u t i o n s  a c r o s s  t h e  c e n t r a l  c r o s s - s e c t i o n  o f  t h e  p l a t e  
components  ( o f  l i p p e d  and p l a i n  c h a n n e l ,  and e q u a l  a n g le  
s e c t i o n s )  i n  w h ic h  e l a s t i c  i n s t a b i l i t y  was i n i t i a t e d  f i r s t o  
Graphs p r e s e n t e d  show v a l u e s  o f  t h e  l o n g i t u d i n a l  and 
l a t e r a l  s t r a i n s  a n d  C u  r e s p e c t i v e l y  up t o  a s  n e a r
t h e  c o l l a p s e  a s  was p o s s i b l e  t o  m e a su re  » I t  must  be 
c l e a r l y  n o t e d  t h a t  t h e  e x p e r i m e n t a l  m e a s u r e m e n ts  o f  
s t r a i n s ,  a s  h a s  a l r e a d y  b e e n  i n d i c a t e d ,  were  c a r r i e d  o u t  
on p l a t e  co m p on en ts  o f  s t r u c t u r a l  s e c t i o n s »  The 
t h e o r e t i c a l  a n a l y s i s  p r e s e n t e d  i n  S e c t i o n  3 was d e v e l o p e d  
f o r  i n d i v i d u a l  p l a t e s  w i t h  p r e c i s e l y  d e f i n e d  edge  
c o n d i t i o n s  a lo n g  t h e  u n l o a d e d  e d g e s  w i t h  t h e  l o a d e d  
e d g e s  s im p ly  s u p p o r t e d »  T h i s  t h e o r y  i s  t h e n  a p p l i e d  
i n  S e c t i o n  k t o  t h e  f a i l u r e  o f  t h e  p l a t e  c o m po n en ts  o f  
s t r u c t u r a l  s e c t i o n s  i n t r o d u c i n g  t h e  a s s u m p t i o n  o f  
c o n s t a n c y  o f  t h e  edge  s u p p o r t  c o n d i t i o n  a l o n g  t h e  
u n l o a d e d  e d g e s  d u r i n g  t h e  p e r i o d  d e f i n e d  by t h e  
i n i t i a t i o n  o f  e l a s t i c  i n s t a b i l i t y  an d  c o l l a p s e  » The 
c o m p a r i s o n s  t h a t  f o l l o w  t e s t  b o t h  t h i s  a s s u m p t i o n  o f  
c o n s t a n c y  and  t h e  t h e o r y  d e v e l o p e d  f o r  s i n g l e  p l a t e s »
The a g r e e m e n t  b e tw e e n  t h e  e x p e r i m e n t a l  and t h e  
t h e o r e t i c a l  fo r m s  o f  d i s t r i b u t i o n  may be l o o k e d  upon  a s  
a  m ea su re  o f  t h e  r e l i a b i l i t y  o f  t h e  t h e o r y  a s  a  w h o l e , 
w h i l e  t h a t  o f  t h e  d e v i a t i o n  i n  m a g n i tu d e  o f  t h e  r e l e v a n t  
v a l u e s  may be  t a k e n  t o ' b e  i n d i c a t i v e  o f  t h e  e x t e n t  t o  
w h ic h  t h e  a s s u m p t i o n  o f  c o n s t a n c y  o f  edge s u p p o r t  a p p l i e s »  
I t  w i l l  be n o t i c e d - f r o m  t h e  c o m p a r i s o n s  t h a t ,  
a l t h o u g h ,  i n  m a g n i t u d e  t h e  e x p e r i m e n t a l  v a l u e s  o f  
a r e  s l i g h t l y  s m a l l e r  t h a n  t h e  t h e o r e t i c a l  n e a r  t h e  
p o i n t s  o f  maximum d e f l e c t i o n  and t e n d  t o  be  l a r g e r  n e a r  
t h e  e d g e s ,  t h e  form  o f  d i s t r i b u t i o n s  i n  e v e r y  c a s e  
c o r r e s p o n d s  to  t h e  t h e o r e t i c a l l y  p r e d i c t e d  ones»  The 
a g re e m e n t  o b t a i n e d  i s  c o n s i d e r e d  b o t h  good and  r a t i o n a l ,  
k e e p i n g  i n  mind t h i s  a s s u m p t i o n  o f  c o n s t a n c y  o f  t h e  e l a s t i c
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edge  s u p p o r t  f i x i t y  and  t h e  e x i s t e n c e  o f  s l i g h t  non-^ 
u n i f o r m i t y  o f  t h e  a p p l i e d  s t r e s s o  From t h e  r é s u i t s  
i t  would  a p p e a r  t h a t  t h e  edge  s u p p o r t  c o n s t a n c y  i s  n o t  
wholy  m a i n t a i n e d o  From t h e  maximum s t r e s s  i e s u l t s  
d i s c u s s e d  l a t e r  t h e  e f f e c t  o f  t h i s  d o e s  n o t  a p p e a r  t o  
be s i g n i f i c a n t 5 c o n s e q u e n t l y  c o n s i d e r i n g  s t r a i n  
r e s u l t s  i n  c o n j u n c t i o n  w i t h  t h e  maximum s t r e s s  r e s u l t s ,  
t h e  a s s u m p t i o n  o f  c o n s t a n c y  o f  t h e  edge  f i x i t y  i s  s e e n  
t o  be p e r m i s s i b l e o  T h i s  r e a s o n i n g  a p p l i e s  t o  a l l  t h e  
r e s u l t s  p r e s e n t e d  i n  t h e s e  f i g u r e s  w h ic h  à s  a  whole  
c o n f i r m  t h e  above c o n c l u s i o n *
To a s s e s  t h e  r e l a t i v e  c o r r e c t n e s s  o f  t h e  a v e r a g e  
s t r e s s - s t r a i n  r e l a t i o n  d e v e l o p e d  i n  t h e  t h e o r y ,  t h e  
a v e r a g e s  o f  th e  l o n g i t u d i n a l  s t r a i n  r e a d i n g s  a c r o s s  
a l l  t h e  p l a t e  com p o n e n ts  o f  t h e  s t r u c t u r a l  s e c t i o n s  
o b t a i n e d  by d i r e c t  m e a s u r e m e n ts  a t  v a r i o u s  l o a d s  were  
c a l c u l a t e d  and p l o t t e d  i n  t e r m s  o f  t h e  p a r a m e t e r s
a g a i n s t  and  compared  w i t h  t h e
r e l e v a n t  t h e o r e t i c a l  c u r v e s  i n  Fig® (107) and(l09)«
I t  i s  s e e n  t h a t  e x c e l l e n t  a g r e e m e n t  o b t a i n s  i n d i c a t i v e  
o f  t h e  r e l i a b i l i t y  i n  a p p l y i n g  s i n g l e  p l a t e  t h e o r y  
t o  s t r u c t u r a l  s e c t i o n s  r e g a r d e d  a s  a n  a s s e m b ly  o f  
i n t e r a c t i n g  p l a t e s *
F i g o O o ^ )  and(UO) p r e s e n t  t h e  c o m p a r i s o n  o f  t h e  
t h e o r e t i c a l  and  e x p e r i m e n t a l  v a r i a t i o n  o f  maximum - 
s t r e s s  w i t h  t h e  web t o  f l a n g e  r a t i o  H a n d  t h i c k n e s s  
fv o f  l i p p e d  and p l a i n  c h a n n e l s *  These  r e s u l t s  a r e  
a g a i n  p r e s e n t e d  i n  a  n o n - d i m e n s i o n a l  f o r m  w h ich  a l l o w s  
f o r  t h e  e f f e c t  o f  y i e l d  s t r e s s *  The y i e l d  s t r e s s
l ip p e d  CHANNEL LIPPED CHANNEL
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PLAIN CHANNEL P l a in  c h a n n e l
If
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A — H • I 45 
0 — H • 1-775 
O— H « 2 68
06
0 - 4
Mm. con d :
0 2
0-2 0-6 I o
0  8
X—H - 2 6  
□ _H . 5  2 
A —H - 4 0 
O —H » 5 0
0-6
1-00-2 o 60 - 6
(1(3) F i § . ( l l 4 ) W
was d e t e r m i n e d  f o r  s e v e r a l  s p e c im e n s  f rom  each, l e n g t h  
o f  d i f f e r e n t  t h i c k n e s s e s  t e s t e d  (A ppend ix  5 ) and was 
foun d  t o  be c o n s i d e r a b l y  d i f f e r e n t  f o r  d i f f e r e n t  
t h i c k n e s s e s o  I t  c a n  be s e e n  t h a t  t h e  a g re e m e n t  
b e tw een  th e  t h e o r y  and e x p e r i m e n t s  i s  a g a i n  good©
I n  Pigo(ClO t o  ( u s )  t h e  v a l u e  o f  maximum s t r e s s  
o b t a i n e d  e x p e r i m e n t a l l y  and t h o s e  p r e d i c t e d  t h e o r e t i c a l l y  
a s  d e s c r i b e d  i n  S e c t i o n  4 a r e  comparedo The s t r u c t u r a l  
s e c t i o n s  c o n s i d e r e d  a r e  p l a i n  and  l i p p e d  c h a n n e l s  and 
e q u a l  a n g l e  s e c t i o n s o  The m ethod  o f  p r e s e n t a t i o n  i s
t h e  u s u a l  n o n - d i m e n s i o n a l  fo rm  i n  w h ich  t h e  p a r a m e t e r s
^.re r e g a r d e d  a s  t h e  c o n t r o l l i n g
one So
P i g o ( l U )  shows t h e  r e s u l t s  o b t a i n e d  f o r  l i p p e d  
c h a n n e l s  o f  web t o  f l a n g e  r a t i o  H = l o 3 3  a n d  t h e  web 
t o  l i p  r a t i o  v a r y i n g  f rom  a  maximum o f  8 ( n o r m a l l y  
c o n s i d e r e d  i n  p r a c t i c e  t o  p r o v i d e  minimum e d g e  s u p p o r t  
c o n d i t i o n  e q u i v a l e n t  t o  a  s i m p le  s u p p o r t )  down t o  a  
v a l u e  o f  6o The t h e o r e t i c a l  c u r v e  shown i n  f u l l  
i s  t h e  one c o r r e s p o n d i n g  t o  t h e  s t r u c t u r a l  s e c t i o n  
where  t h e  c o l l a p s e  i s  i n i t i a t e d  by t h e  web 
i n s t a b i l i t y  and  c o r r e s p o n d i n g  to  t h e  a p p r o p r i a t e  web 
t o  f l a n g e  r a t i o o  The s e co n d  c u r v e  shown by b r o k e n  
l i n e  c o r r e s p o n d s  t o  t h e  minimum edge  s u p p o r t  a t  a l l  
c o n n e c te d  e d g e s  ioSo  s im p le  s u p p o r t o  I t  i s  s e e n  
t h a t  t h e  d i s t r i b u t i o n  o f  t h e  e x p e r i m e n t a l  p o i n t s  i s  
s e n s i b l y  c o n t a i n e d  b e tw e e n  t h e s e  two c u r v e s o  The 
d i s t r i b u t i o n  f u r t h e r  i n d i c a t e s  t h a t  t h e  edge  s u p p o r t  
c o n d i t i o n s  c o r r e s p o n d i n g  t o  t h e  i n t e r a c t i o n  o f  t h e  
p l a t e  co m p o n e n ts  i s  n o t  f u l l y  d e v e l o p e d  i n  e v e r y  c a s e
EQUAL ANGLES






due p r e s u m a b ly  t o  random i n i t i a l  i r r e g u l a r i t i e s  p r e s e n t  
i n  t h e  v a r i o u s  sp ec im en so  P i g o 0*2^p r e s e n t s  t h e
e x p e r i m e n t a l  r e s u l t s  f o r  v a r i o u s  l i p p e d  c h a n n e l s  w i t h  
H =2.oOÿ2o28 and i+oO an d  t h e  web t o  l i p  r a t i o s  
v a r y i n g  from 6 t o  1 6 o The f u l l  l i n e  shows t h e  
t h e o r e t i c a l l y  p r e d i c t e d  v a l u e s  f o r  web t o  f l a n g e  r a t i o  
H = 2oO; t h e  b r o k e n  l i n e  a g a i n  r e p r e s e n t s  t h e  
minimum p o s s i b l e  edge  c o n d i t i o n s o  Comments s i m i l a r  
t o  t h o s e  made f o r  P i g o ( U I ) a p p l y o
P i g o ( u s )  and  (l 14) p r e s e n t  t h e  e x p e r i m e n t a l  and t h e  
t h e o r e t i c a l  r e s u l t s  i n  a n  e x a c t l y  s i m i l a r  m anner  f o r  
p l a i n  c h a n n e l s  where  t h e  c o l l a p s e  i s  i n i t i a t e d  by  t h e  
b u c k l i n g  o f  t h e  f l a n g e  and t h e  web,  r e s p e c t i v e l y *
Pigo  (H5 )  g i v e s  t h e  c o m p a r i s o n  o f  t h e  t h e o r e t i c a l  
r e s u l t s  f o r  a  s i m p ly  s u p p o r t e d  -  f r e e  p l a t e  w i t h  
t h e  e x p e r i m e n t a l  r e s u l t s  o b t a i n e d  by  Needham[41] on 
Aluminium A l l o y  a n g l e s  and s t e e l  a n g l e  sp e c im e n s  
t e s t e d  by  t h e  a u t h o r *  I t  i s  s e e n  t h a t  a  c e r t a i n  
d e g r e e  o f  s c a t t e r  o b t a i n s *
T a k in g  a c c o u n t  o f  t h e  v a r i o u s  f a c t o r s  m e n t i o n e d  
a b o v e ,  t h e  c o m p a r i s o n s  p r e s e n t e d  g e n e r a l l y  i n d i c a t e  
t h a t  t h e  p r e d i c t e d  r e s u l t s  o b t a i n e d  by  t h e  method p u t  
f o r w a r d  i n  t h e  a n a l y t i c a l  p a r t  o f  t h e  t h e s i s  show good 
a g r e e m e n t  w i t h  t h e  e x p e r i m e n t s  i m p l y i n g  t h a t  t h e  
t h e o r e t i c a l  a n a l y s i s  d e v e l o p e d  by t h e  a u t h o r  i s  
r a t i o n a l  and r e l i a b l e *
6*2 MOIRE FRINGE METHODS
B e fo re  c o n c l u d i n g  t h i s  d i s c u s s i o n  i t  i s  c o n s i d e r e d
SER IES O F  D E FL E C T IO N  CURVES
Wtb of e 'x  6X1* tipped channel O-O90P'thk, 1)78" long
* Ivc direction 
towond* icrecn
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o f  i n t e r e s t  t o  comment on t h e  u s e  o f  t h e  M o ire  t e c h n i q u e  
f o r  t h e  d e t e r m i n a t i o n  o f  d e f l e c t i o n s  r i g h t  up t o  c o l l a p s e , 
d e v e l o p e d  f o r  t h i s  a p p l i c a t i o n  by t h e  a u t h o r o  I ' igoCUs) 
shows a  t y p i c a l  d e f l e c t e d  s u r f a c e  o f  a  web o f  a  l i p p e d  
c h a n n e l  f o r  a  l o a d  o f  15 t o n s o  I t  i s  s e e n  t h a t  t h e  
l o a d e d  e d g e s  have  a  t e n d e n c y  t o  s h i f t  i n  t h e  s e m i - c i r c u l a r  
g r o o v e s  o f  t h e  l o a d i n g  p l a t t e n s o  P i g o ( l l 7 )  shows t h e  
l o a d  a g a i n s t  maximum d e f l e c t i o n  v a r i a t i o n  f o r  t h e  same 
l i p p e d  c h a n n e l  d e d u c e d  f rom  t h e  e x p e r i m e n t a l  M oire  
r e s u l t s  a t  p o i n t  Ao T h i s  i s  com pared  w i t h  t h e  
t h e o r e t i c a l  v a r i a t i o n  com puted  a s  d e s c r i b e d  i n  S e c t i o n
Two p o i n t s  a r e  o f  i n t e r e s t o  F i r s t ,  t h e  t h e o r e t i c a l
v a r i a t i o n  a s su m e s  z e r o  d e f l e c t i o n  up t o  t h e  i n i t i a t i o n  
o f  e l a s t i c  i n s t a b i l i t y  w h i l e  t h e  e x p e r i m e n t a l  r e a d i n g s  
i n d i c a t e  g r a d u a l l y  i n c r e a s i n g  d e f l e c t i o n  due t o  t h e  
p r e s e n c e  o f  i n i t i a l  i r r e g u l a r i t i e s  o D e s p i t e  t h i s  
t h e  e x p e r i m e n t a l  " t o p  o f  t h e  k n e e "  m ethod  o f  p r e d i c t i o n  
o f  t h e  l o a d  i n i t i a t i n g  e l a s t i c  i n s t a b i l i t y  g i v e s ,  f o r  
a l l  p r a c t i c a l  p u r p o s e s ,  a  v a l u e  c l o s e  t o  t h a t  f o r e c a s t  
by t h e  t h e o r y o  The seco n d  p o i n t  i s  t h e  c o r r e s p o n d a n c e  
o f  t h e  e x p e r i m e n t a l  v a r i a t i o n  i n  t h e  p o s t  c r i t i c a l  r e g i o n  
w i t h  t h a t  p r e d i c t e d  by  t h e  t h e o r y o  The d i s t r i b u t i o n s  
a r e  s i m i l a r  i n  f o r m ,  w i t h  t h e  e x p e r i m e n t a l  v a l u e s  s l i g h t l y  
l a r g e r  t h a n  t h e  t h e o r e t i c a l  due t o  t h e  p r e s e n c e  o f  
i n i t i a l  i r r e g u l a r i t i e s o  T h i s  n a t u r a l l y  h a s  a  
b e a r i n g  on t h e  " t o p  o f  t h e  k n e e "  p r e d i c t i o n  o f  t h e  
e x p e r i m e n t a l  c r i t i c a l  lo a d o
A t y p i c a l  s e r i e s  o f  c u r v e s  o f  l o a d  a g a i n s t  
d e f l e c t i o n  a t  p o i n t s  o t h e r  t h a n  t h e  p o i n t  o f  maximum
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Rj^(_l20)
d e f l e c t i o n  a r e  shown i n  F ig o ( U 0 ' ) fo r  t h e  web o f  t h i s  
l i p p e d  c h a n n e lo  As i n d i c a t e d  p r e v i o u s l y  t h e  ’’t o p  o f  t h e  
k n ee"  t e c h n i q u e  a p p l i e d  to  t h e  c u r v e  o f  l o a d  
d e f l e c t i o n  i n  t h e  v i c i n i t y  o f  t h e  maximum d e f l e c t i o n  a l s o  
g i v e  n e a r l y  t h e  same c r i t i c a l  l o a d  a s  t h e  l o a d  r \ j  
a b s o l u t e  maximum d e f l e c t i o n  c u rv e o
Moiré f r i n g e  d i s t r i b u t i o n s  w ere  t a k e n  i n  a  
s e l e c t e d  number  o f  c a s e s o  The e x p e r i m e n t a l  
p r o c e d u r e  involved@ h o w e v e r ,  i s  r e l a t i v e l y  com plex  
and c o n s e q u e n t l y  t h e  d e f l e c t i o n  m e a s u r e m e n ts  i n  t h e  
m a j o r i t y  o f  c a s e s  were  c a r r i e d  o u t  by  means o f  d i a l  
g a u g e 80  F i g o ) c o m p a re s  t h e  d i s t r i b u t i o n s  o f
d e f l e c t i o n  i n  t h e  l o n g i t u d i n a l  and t r a n s v e r s e  
d i r e c t i o n s  o b t a i n e d  by  t h e  M oiré  f r i n g e s  f o r  t h e  f l a n g e  
o f  a  p l a i n  c h a n n e l  and  by d i r e c t  d i a l  gau ge  m e a s u r e ­
m e n t s  o I t  i s  s e e n  t h a t  t h e s e ,  f o r  a l l  p r a c t i c a l  
p u r p o s e s ,  c o i n c i d e  i n d i c a t i n g  t h a t  t h e  M oire  method 
may, r e l i a b l y ,  be u s e d  i n  d e t e r m i n i n g  t h e  d e f l e c t e d  
s u r f a c e S o  F o r  t h i s  p l a i n  c h a n n e l  c u r v e s  o f  maximum 
d e f l e c t i o n  f o r  t h e  f l a n g e  and web o b t a i n e d  by M oire  
method a r e  shown i n  F ig o ( l2 o ) to g e th e r  w i t h  t h e  c o r r e s ­
p o n d in g  t h e o r e t i c a l  c u r v e  f o r  th e  f l a n g e o
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SUMMARY AND CONCLUSIONSo
lo  The d e r i v a t i o n  o f  t h e  b a s i c  l a r g e  d e f l e c t i o n  
e q u a t i o n s  e f f e c t e d  by  t h e  u s e  o f  E u l e r ’ s e q u a t i o n s  f o r  
m in im iz in g  th e  e n e r g y  i n t e g r a l s  h a s  b e e n  p r e s e n t e d o  
G a l e r k i n ’ s method was a p p l i e d  t o  t h e s e  e q u a t i o n s  t o  
d e te r m in e  t h e  a p p r o x i m a t e  s o l u t i o n s  o f  two g e n e r a l  
c a s e s o  ( ( a )  b o t h  u n l o a d e d  e l a s t i c a l l y  f i x e d ;  
sy m m e t r i c a l  and  u n s y m m e t r i o a l  c o m b i n a t i o n s ,  and  (b )  
one u n lo a d e d  edge e l a s t i c a l l y  f i x e d  an d  th e  o t h e r  f r e e )  
o f  r e c t a n g u l a r  p l a t e s  l o a d e d  i n  u n i f o r m  l e n g t h w i s e  
c o m p re s s io n *
2o These  a p p r o x i m a t e  s o l u t i o n s  w ere  t h e n  
u t i l i z e d  to  o b t a i n s
( i )  The l o a d  i n i t i a t i n g  e l a s t i c  i n s t a b i l i t y  o f  
p l a t e s  w i t h  a  v a r i e t y  o f  e d ge  c o n d i t i o n s *  These 
r a n g e d  f rom  e l a s t i c a l l y  f i x e d  and f r e e  t o  s y m m e t r i c a l  
and u n s y m m e t r i o a l  c o m b i n a t i o n s  o f  e l a s t i c  f i x i t y  a l o n g  
th e  u n l o a d e d  edgeso
( i i )  The maximum s t r e n g t h  i n  c o m p r e s s i o n  o f  t h e  f l a t  
p l a t e s  by  u s i n g  t h e  s o l u t i o n s  o f  t h e  l a r g e  d e f l e c t i o n  
e q u a t i o n s  i n  c o n j u n c t i o n  w i t h  t h e  d e f o r m a t i o n  t h e o r y  
o f  p l a s t i c i t y *
3o The r e s u l t s  o b t a i n e d  f o r  s i n g l e  p l a t e s  were  
t h e n  a p p l i e d  t o  v a r i o u s  s t r u c t u r a l  fo r m s  to  o b t a i n  t h e  
c r i t i c a l  l o a d s  i n i t i a t i n g  l o c a l  i n s t a b i l i t y  and t h e  
maximum l o a d s  a t  c o l l a p s e *
4* The e x p e r i m e n t a l  work  c o n s i s t e d  o f  com= 
p r e s s i o n  t e s t s  t o  f a i l u r e  o f  c o n c e n t r i c a l l y  l o a d e d  
s t e e l  p l a i n  c h a n n e l ,  l i p p e d  c h a n n e l ,  e q u a l  a n g l e  and
s q u a r e  t u b e  s e c t i o n s  u n d e r  c o n d i t i o n s  e n s u r i n g  f a i l u r e  
i n i t i a t e d  by l o c a l  i n s t a b i l i t y *  A p p l i c a t i o n  o f  t h e  
Moiré  f r i n g e  method t o  t h e  m e a s u r e m e n ts  o f  d e f l e c t e d  
s u r f a c e s  o f  t h e  p l a t e  c o m p o n e n ts  o f  p l a i n  and l i p p e d  
c h a n n e l  s e c t i o n s  c o n c e n t r i c a l l y  l o a d e d  i n  c o m p r e s s i o n ,  
i s  a l s o  p r e s e n t e d *  -
5o Good a g r e e m e n t  i s  o b t a i n e d  b e tw e e n  t h e  
t h e o r e t i c a l  r e s u l t s  p r e d i c t e d  and t h e  e x p e r i m e n t s  
and t h e  f o l l o w i n g  p o i n t s  h av e  come t o  l i g h t *
( i )  The e x p e r i m e n t a l  d e t e r m i n a t i o n  o f  t h e  l o a d  
i n i t i a t i n g  e l a s t i c  i n s t a b i l i t y  b y  the^ t e c h n i q u e  o f  
t h e  " t o p  o f  t h e  k n e e "  o f  t h e  l o a d  a g a i n s t  d e f l e c t i o n  
v a r i a t i o n  i s  r e l a t i v e l y  i n d e p e n d e n t  o f  t h e  p o s i t i o n  
o f  t h e  p o i n t  a t  v h i c h  th e  "maximum" d e f l e c t i o n s  a r e  ' 
m easu red *  R e s u l t s  show ing  good a g r e e m e n t  w i t h  th e  
t h e o r y  a r e  o b t a i n e d - a s  long  a s  t h i s  p o i n t  i s  i n  t h e  • 
n e a r  v i c i n i t y  o f  t h e  p o i n t  o f  a c t u a l  maximum d e f l e c t i o n *
( i i )  The f o r m s  c h o s e n  f o r  t h e  d e f l e c t i o n  and t h e  
s t r e s s  f u n c t i o n  t o  o b t a i n  t h e  s o l u t i o n  o f  t h e  l a r g e  
d e f l e c t i o n  e q u a t i o n s  f o r  p l a t e s ,  a t  a n d  beyond  e l a s t i c  
i n s t a b i l i t y ,  have  b e e n  shown t o  be r a t i o n a l  and g i v e  
r e s u l t s  i n  a g r e e m e n t  w i t h  t h e  e x p e r i m e n t s *
( i l l )  The a n a l y s i s * o f  c r i t i c a l  and  maximum s t r e n g t h  
o f  s t r u c t u r a l  s e c t i o n s  r e g a r d e d  a s  a n  a s s e m b ly  o f  
i n t e r a c t i n g  s i n g l e  p l a t e s  i s  r a t i o n a l  and g i v e s  r e s u l t s  
i n  a g r e e m e n t  w i t h  t h e  e x p e r i m e n t s *
( i v )  The a s s u m p t i o n  o f  c o n s t a n c y  o f  e l a s t i c  edge  f i x i t y  
d u r i n g  t h e  p e r i o d  f o l l o w i n g  t h e  i n i t i a t i o n  o f  i n s t a b i l i t y  
u p t o  c o l l a p s e  i s  p e r m i s s i b l e *
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APPENDICES
APPENDIX I  
MINIMIZATION OP THE ENERGY INTEGRALS* 
(GENERAL PROOF OF EULER’ S EQUATIONS)§
^  The g e n e r a l  fo rm  o f  t h e  e n e r g y  i n t e g r a l  o f  two
f u n c t i o n s  and  F c a n  be w r i t t e n  a s :
H e r e ,  a  singl^e s u b s c r i p t  i n  a  f u n c t i o n  d e n o t e s  
i t s  p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  t h e  s u b s c r i p t  
e»go , and  d o u b l e  s u b s c r i p t s  d e n o t e  t h e  p a r t i a l
d e r i v a t i v e s  o f  t h e  s e c o n d  o r d e r  w i t h  r e s p e c t  Id t h e  
s u b s c r i p t s *  S i m i l a r l y  s u b s c r i p t s  o f  h i g h e r  o r d e r ,  say  
/6 d e n o t e  t h e  p a r t i a l  d e r i v a t i v e s  o f  t h e  /6 th  o r d e r s
e . g .
2 *i
Fin. =  =  _ ^ ± L%
v/^
a n d  = /ur
à  Ÿ  3%^ 3
N 6 ^  t h a t  and  ^ an d  a r e  i n t e g e r s *
I f  t h e  h i g h e s t  o r d e r  d e r i v a t i v e  i n  t h e  i n t e g r a l  
I  i s  o f  t h e  o r d e r  t  t h e n  i t  i s  a ssum ed  t h a t  , 
t h e  i n t e g r a n d  g i v e n  a s  t h e  f u n c t i o n  o f  t h e  a r g u m e n t s  
 FgPtt»'**) i t s  p a r t i a l  d e r i v a t i v e s  up t o  and
f ^ (
i n c l u d i n g  t h e  o r d e r  2  k a r e  c o n t i n u o u s o
l i k e w i s e  and  F(^x  ^ a r e  c o n t i n u o u s  and
have  c o n t i n u o u s  p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  
X. and ^  u p t o  and  i n c l u d i n g  t h o s e  o f  o r d e r  2  b o
I t  i s  a l s o  assum ed  t h a t  t h e s e  f u n c t i o n s  and  t h e i r
d e r i v a t i v e s  u p t o  o r d e r  ( L - i )  h a v e  v a l u e s  p r e s c r i b e d  
on t h e  b o u n d a r y  C  o f  t h e  s im p ly  c o n n e c t e d  r e g i o n  R
( v iz o  t h e  b o u n d a r y  c o n d i t i o n s  a r e  o f  t h e  fo rm s
J “  ^  =  1 , 2 , 3 ,  “ 1 )
/& = 1 , 2 , 3 , ................
w here  e t c . s t a n d  f o r  e x p r e s s i o n s  c o n t a i n i n g
iiT and  i t s  d e r i v a t i v e s  n o r m a l  t o  t h e  b o u n d a ry ,  and  
sy m bo ls  and s t a n d  f o r  p r e s c r i b e d  v a l u e s
known a t  e v e r y  b o u n d a ry  p o i n t ) .  T h a t  i s  d “j )
and  s a t i s f y  a l l  t h e  e s s e n t i a l  b o u n d a r y  c o n d i t i o n s
[2 5 ]  and  a r e  tejrmed a d m i s s i b l e  f u n c t i o n s .  ( I n  t h e
I
p r i n c i p l e  o f  minimum p o t e n t i a l  e n e r g y  t h e  e s s e n t i a l  
b o u n d a r y  c o n d i t i o n s  a r e  t h e  r e q u i r e m e n t s  o f  g e o m e t r i c  
c o m p a t i b i l i t y ) ’.
F o r  g i v e n  f u n c t i o n s  and  F ( x  h a v i n g
t h e  same r e s p e c t i v e  b o u n d a ry  v a l u e s  a s  and
t h e  i n t e g r a l  I y i e l d s  a  d e f i n i t e  n u m e r i c a l  
v a lu e o  I t  i s  r e q u i r e d  t o  d e t e r m i n e  t h e  p a r t i c u l a r  
f u n c t i o n s  and  F wh i c h  make t h e  i n t e g r a l  I
a  minimumo
Assume t h e  c o r r e c t  c o m p a t i b l e  s o l u t i o n s  o f  t h e  
p r o b le m  w h ic h  m in im iz e  t h e  i n t e g r a l  t o  be and
® T h i s  minimum v a l u e  o f  t h e  i n t e g r a l  w i l l  now
be compared w i t h  t h e  v a l u e  o f  t h e  i n t e g r a l  o b t a i n e d  f o r -  
o t h e r  f u n c t i o n s  and  ç T h i s  i s  a c h i e v e d
by a d o p t i n g  t h e  s t a n d a r d  p r o c e d u r e  o f  t h e  c a l c u l u s  o f  
v a r i a t i o n s .  £l?s)22 ^23^253 «
R e p r e s e n t ,  r e s p e c t i v e l y ,  t h e  f u n c t i o n s  ,
and by F -4= ê  ( x ,
where  an d  Ê » a r e  v a r i a t i o n s  f ro m  th e
r e s p e c t i v e  m i n i m i z i n g  f u n c t i o n s  an d  P(j?c ^
F o r  t h e  r e q u i r e m e n t  t h a t  ^ ( x j ^ ^ a n d  
s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s  im p o sed  on  
a n d  t h e  v a r i a t i o n a l  f u n c t i o n s  and
s h o u l d  be  s u c h  t h a t  t h e y  m ee t  a l l  t h e  r e q u i r e m e n t s  o f  
a d m i s s i b l e  f u n c t i o n s  e x c e p t  t h a t  t h e y  s a t i s f y  
hom ogeneous  e s s e n t i a l  b o u n d a r y  c o n d i t i o n s ?
/6 =  1, 2 , 3 » ..........   3 ^
T h a t  i s  ^ ( ^ 9 '^ ') an d  an d  t h e i r  p a r t i a l
d e r i v a t i v e s  u p t o  t h e  o r d e r  ( b  — h a v e  p r e s c r i b e d  
v a l u e s  e q u i v a l e n t  t o  z e r o  a t  e v e r y  b o u n d a r y  p o i n t .  
I n  t h e  r e g i o n  R  h o w e v e r ,  and
a r b i t r a r y .  ( I f ,  h o w e v e r ,  i n  a  p a r t i c u l a r  p ro b le m  
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v a r i a t i o n a l  f u n c t i o n s -  and  be e n t i r e l y
a r b i t r a r y  and i n  t h e  a n a l y s i s  a d d i t i o n a l  b o u n d a ry  con ­
d i t i o n s  r e  s u i t o  Hence f o r  t h e  m i n i m i z a t i o n  o f  t h e
i n t e g r a l  t h e  m i n i m i z i n g  f u n c t i o n s  w i l l  be t h e  f u n c t i o n s ^  
which  s a t i s f y  t h e  a d d i t i o n a l  c o n d i t i o n s  a lsO o  I n  t h e  
p r i n c i p l e  o f  minimum e n e r g y  t h e s e  a d d i t i o n a l  c o n d i t i o n s  
a r e  t h e  r e q u i r e m e n t s  o f  f o r c e  b a l a n c e o )  The 
m u l t i p l y i n g  f a c t o r  ^  i s  a  s m a l l  p a r a m e t e r o  • Thus 
by v a r y i n g  §  and  k e e p i n g  ^ a n d   ^ "khe 
same 9 and  c a n  be  made t o  v a r y  a b o u t
t h e  n e i g h b o u r h o o d  o f  t h e  t r u e  v a l u e s  and  ^ o
T h i s  p r o c e d u r e  r e d u c e s  t h e  v a r i a t i o n  o f  a l l  t h e s e  
f u n c t i o n s ' t o  t h e  v a r i a t i o n  o f  a  s i n g l e  p a r a m e t e r  ê  
i o 0 « I  now becom es a  f u n c t i o n  o f  ^  o By 
c h o i c e  o f  A/ \^ and  F > X i s  a  minimum f o r  ê  -  ^  % 
h e n c e  8
ax
How
i  ( & )  =  j  ( "X ,  y ,  - w + e . n  » 4 a *  +
*  ^ +
•^x.'* 4* 9 + A  41»'4 9 4-
I (1%.
A g a in  s  II 4^ 5LJl%Ji^  and note th a t  i f
^  w h e re  a r e  a l l  f u n c t i o n s  o f
w  a  F+
h P  A
S e t t i n g  0 9 i s  e q u i v a l e n t  t o  r e p l a c i n g
{ j  9 e t c o , a n d  F ,  F ^  ,  e t c  o , by  w   ^ e tCo g
a n d ' F ^ F p t  » e t C o  , r e s p e c t i v e l y o  H e n c e ,  W  and F  
a r e  now t h e  m i n i m i z i n g  f u n c t i o n s  and 
g i v e s s
^ 4 ^  ^  4- 4^^,c ^3C. *+• 4 ^ ^  4"
+  ^ x V  4*F
+  +  4>F +
+  -t-
where  <t> P= .^ i .  ,cb e t c 0 I n t e g r a t i n g  by p a r t s ,
a w  ^  2> (à ^ )
g i v e s :  \h 'x-J
=  f [ 1 1  H; 1 - h Ir(+"^ H
Now, s i n c e  i t  i s  a ssu m ed  t h a t  ^  v a n i s h e s  on 
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f o r ^ 4 > r3 y  ^ x y a. ’t i * -
.a
I n  t h e  same m a n n e r ,  i t  may he  shown t h a t ;
( i n  t h e  f o r m a l  p r o c e d u r e  o f  c a l c u l u s  o f  v a r i a t i o n s  
a c t u a l  e v a l u a t i o n  o f  t h e  i n t e g r a l s  f o r  a  g i v e n  I  
may he  r e q u i r e d  and  t h e n  c o n c l u s i o n s  d raw n  f ro m  
c o n s i d e r a t i o n s  t h a t  7^ c a n  h e  a n  a r b i t r a r y  
v a r i a t i o n a l  f u n c t i o n o )
R
E q u a t i o n  A!
IH*




^  ^ T c x .
^  A
■— ■ ^  = »  f  = .  j j  m, .—  I
(F ^  ''F 4H
^  J à ^  S  ^ — È— <b
^vcx. Fijy Fx^ 4=
s* à *
.4
( - ' )  ^ 4 - p ^  * ( - ' )  Z 5 ÿ  K i ’/ j
The two i n t e g r a l s  i n w i l l  he  i n d i v i d u a l l y





W  ^  ^ v T v  . »4%r., "V <7 Hh
y





a n 2 3
3% 3y " - x f  \  /  3% *r T .
A J>
y ^p  ^ C tx c i^ —©
S in c e  t h e  v a r i a t i o n s  ^  and  Ÿ  a r e  a r b i t r a r y  
f u n c t i o n s ,  t h e  f o l l o w i n g  aœ o b t a i n e d s
i H 'h
 ............. *H“  ') 1 ^  4 ^ + ( -  0
A . . 6
+  ( _ l ) _ £ —  S  4- 
V /  a^ t -ayv
ani
4 > _ ^ c b  à _  Æ  ^  ^ ___________
à x  ^  0<^ F^ F x ic  3 , ^ 2
4r
4-
T hu s ,  t h e  c o n d i t i o n  o f  m i n i m i z i n g  t h e  i n t e g r a l  
I  r e d u c e s  t o  t h e  s o l u t i o n  o f  two d i f f e r e n t i a l  
e q u a t i o n s  ÂI-03' and  AL.D4 c a l l e d  Euler '*  s E q u a t i o n s o  
S t r i c t l y  s p e a k i n g  i t  h a s  b e e n  p r o v e d  o n l y  t h a t  
i f  W  and  F  s a t i s f y  t h e  E u l e r ' s  E q u a t i o n s  t h e  
e n e r g y  i s  a n  ex t rem u m :  e i t h e r  maximum o r  minimumo
However ,  i t  i s  p h y s i c a l l y  e v i d e n t  t h a t  t h e  e n e r g y  i n  
t h e  t r u e  s t a t e  c a n n o t  be a  maximum b e c a u s e  i t  i s  a lw a y s  
p o s s i b l e  t o  make t h e  e n e r g y  g r e a t e r  b y  l o c k i n g  some 
e x t r a  i n t e r n a l  s t r e s s e s ©  T h e r e f o r e  E u l e r ' s  E q u a t i o n s  
a r e  i n  f a c t  t h e  c o n d i t i o n s  o f  m i n i m i z i n g  t h e  e n e r g y  
i n t e g r a l  a n d  n o t  m a x i m iz in g  i t *
I n  t h e  p r o b le m  c o n s i d e r e d  i n  t h e  t e x t  t h e  
r e l e v a n t  b o u n d a ry  c o n d i t i o n s  c o n s i d e r e d  f o r  t h e
g o v e r n i n g  f u n c t i o n s  ^  and  F may be  r e g a r d e d  a s  
s p e c i a l  c a s e s  o f  t h e  b o u n d a r y  c o n d i t i o n s  assum ed i n  t h i s  
p r o o f  and E u l e r ' s  E q u a t i o n s  c a n  be  d i r e c t l y  a p p l i e d  t o  
t h e  e n e r g y  i n t e g r a l  t o  g i v e  t h e  d i f f e r e n t i a l  e q u a t i o n s  
f o r  d e t e r m i n i n g  t h e  m i n i m i z i n g  f u n c t i o n s ©
7APPENDIX Z
^  F o r m u la t l o n  Of The G e n e r a l  Form Of The S t r e s s  
F u n c t i o n  F  g
The b o u n d a ry  c o n d i t i o n s  t o  be  s a t i s f i e d  by th e  










L e t  t h e  s t r e s s  f u n c t i o n  be
^  - 9 b )
where
A i s  a  c o n s t a n t
i s  a  f u n c t i o n  o f  X. only© 
i s  a  f u n c t i o n  o f  ^  only©
Now c o n d i t i o n  A2. Î0 g i v e s :
2A  o c = .o  an d  *x a ^  e q u a t i n g  t h e
t e r m s  o f  t h e  same o r d e r  o n  b o t h  s i d e s :
2-A =  ..Nx f  b )  f b ) 0c=.O-ac-sCL
r r  O — ( a )
C o n d i t i o n s  A 2 o l l  g ives§  | |  t C ' j )  -  O  =.^(b)
C o n d i t i o n s  A2ol2 g i v e s :
I / ^ —OL
and  c o n d i t i o n  A2ol3  g i v e s :  l £  ( x )  ^ = © ^ = 0
C o n s i d e r i n g  e q u a t i o n s  ( a ) ,  ( b ) , ( c )  and (d )  i t  i s  
e a s i l y  v e r i f i e d  t h a t  :
I n  ( a )  | f M ) x = ^ =  0
I n  (b)  ;f ^ (OC.) 0 .% =
I n  ( c )
I n  (d )  0
Now, i e t f C x ) = 6 e + % + % ? V % ^ t - ^
and a r e  c o n s t a n t s ©
At x=s.O e q u a t i o n  AZd4-  g i v e s  ^(yiL )= :0
, B© — 0
A t  %.= o. e q u a t i o n  A2nl4 g i v e s  = 0
«*. B, 4- 6 >2, 4" 6 3  4- =  0  ■ - —— ------
O C s O  — ^ A 2 J 4
S O ,
■
A 2 . 15
1- X . s O  — 0  - -------------a w  A z ,  IS
' c z O L
_  A2..17
Now, f  '(pc^==^— — t- ^  ^
oJ> 04
At oc= O e q u a t i o n  A2©î^ g i v e s  =  0
; .  B, =  0
At x-= a  e q u a t i o n  A2k*^ g i v e s  =  0
e* * 4  B4  + 3  B 3 4" 2B a  =  0   n m .
D i v i d i n g  e q u a t i o n s  X  and  X I  by  t h r o u g h o u t
and t a k i n g  - ^  =  11, and  _ ^ =  0%. g i v e  s i
“ 2.
H j 4 - H 2. 4" ( =  0  — ----------------------------------------------- m .
4  Hi 4 - 3 H2. 4-2 = 0_______ ._________________________  t v
S o l v i n g  ITT, and X E  s i m u l t a n e o u s l y  f o r  and  Hj
t h e  f o l l o w i n g  i s  o b t a i n e d :  H,=. I and  (4%= —2  
, 4
Working i n  e x a c t l y  t h e  same way a s  a b o v e  i t  i s  
fo u n d  t h a t :
9 b )  = ( - ^
t h e r e f o r e  t h e  g e n e r a l  fo rm  o f  t h e  s t r e s s  f u n c t i o n  
becomess
F = ik l?  + P (j£ l _  - iL t f - l ! -  _ l_ f
w h ere  ^  i s  a n  a r b i t r a r y  c o n s t a n t ©
I t  i s  e a s i l y  v e r i f i e d  t h a t  t h e  b o u n d a r y  c o n d i t i o n s  
c o n t i n u e  t o  be  s a t i s f i e d  i f  i s  r e p l a c e d  b y  a  
f a c t o r  ^  i n  t h e  se c o n d  t e r m  o f  t h e  s t r e s s  f u n c t i o n  
F  o p  may be  c o n s t a n t ,  a  f u n c t i o n  o f  % a n d /
o r  a  f u n c t i o n  o f  ^  o 
T h u s :
^ *  p ( - s  -
(5.1) METHOD USED TO OBTAIN THE DEFLECTION FORM FOR THE 
ELASTICALLY FIXED -  ELASTICALLY FIXED PLATE:
The b o u n d a r y  c o n d i t i o n s :
=  0
at X = 0 , a   À 2.20
3 oc?" 3




u  J  ^ c
. ---------------------  k --------------»
M.
•e»
Ohfv s i n u s o i d a l  h a l f  w a v e s ,  i©e o t h e  d e f l e c t i o n  s u r f a c e  
c a n  he  w r i t t e n  i n  t h e  fo rm s
>ur= Y SIAA, JûcSzél  ....................    A2.2I
(X
i n  w h ic h  Y i s  a  f u n c t i o n  o f  o n l y  and  d e t e r m i n e s  
t h e  d e f l e c t i o n  fo rm  i n  t h e  ^  -  d i r e c t i o n ©
To o b t a i n  Y  c o n s i d e r  t h e  a n a l o g y  b e tw e e n  a  
beam and  a  t h i n  s t r i p  o f  t h e  p l a t e  c u t  p a r a l l e l  t o  
t h e  X - a x i s  a t  t h e  c e n t r e  o f  t h e  p l a t e ©
L e t  a  beam o f  s p a n   ^ b* c a r r y  a  u n i f o r m l y  
d i s t r i b u t e d  l o a d  ^  a l o n g  i t s  e n t i r e  l e n g th ©  To 
make t h e  b o u n d a r y  c o n d i t i o n s  o f  t h e  beam a n a l o g o u s  t o  
t h a t  o f  t h e  p l a t e  c o n s i d e r  end  moments NA and  M| 
a c t i n g  a t  A and  B r e s p e c t i v e l y  ( p i g 0(122)), su c h  
t h a t  i f  Y  i s  t h e  d e f l e c t i o n  o f  t h e  beams
M, =. E_%A d Y
where A. and A, are co n sta n ts  eq u iv a len t to  the
N
c o e f f i c i e n t s  o f  edge f i x i t y  o f  the p la te  and E l  i s  
the f le x u r a l  r i g id i t y  o f  beam©
T a k in g  a  s e c t i o n  CC a t  d i s t a n c e  f ro m  t h e  l e f t  
h a n d  s i d e  and a p p l y i n g  M a c a u l a y ' s  Methods
B o u n d a ry  c o n d i t i o n :
Y =  0 a t  = 0 g i v e s  and  - o r s  Y = 0  a t  i j = b
g i v e s :
c  = = M L _ X | _ 4 - f | X   . ( a )
Taking  moments a b o u t  B  s
 --------------------------------w
( a )  and  (b )  g i v e s
r ,  =  _ M k  _  M i k  +
3 6 2.4
A  E l  Y  =  M :£ Mb'j^  M.b'j
2. 2.4 6  b 12. 6 b 3  6
4 - k ^ .24
D i v i d i n g . t h r o u g h o u t  by  |a  an d  d e n o t i n g  
by  ^  and  b y  ^
EX Y - P t .  , ^  H t
(3 2  2 4  6b »2 6  b 3  6  2 4
------------------------------— A2.22
A  k i _ i x _  =  J É + b M
ÿ du 6 2 b  4  2 b  3  3
+ _F_ -__________________A2.23
24
Now, a t  1^  =  0  k $ _  Ü -  =  - ,^  -
=    (.)
A lso  a t < A = o  E Y  d Y  _  - 1 /  
^  C d y  -  t ,
. W _  ? b
■■ >t, -  24 3 3
E q u a t i o n s  ( c )  an d  (d )  g i v e s
-f'SS
4  =
 _________ Ç 6 * ,  b  +  ; t f c ,  t a )
144 4- 4 8 t , b  4- 4 8 * b  4 l Z t t , b
A2.24
and Ab
2 .3 + S k b   ^ 6-f-2.Ab
H e n ce , f ro m  A2 2 2
A2 25
Y = ± -
E 1
A 2 . 2 6
Thus f o r  t h e  p l a t e  t h e  d e f l e c t i o n  fo rm  c an  be 
w r i t t e n  a s s
oC SlW ^ ^2'r,
. a .
3  L 3 u
2 4
m : + x _  
12 ^  2.4 6b 2 m : - f )
V
2 4  t? 6 b 7  b  3
A2.27
where  oC i s  a n  unknown c o n s t a n t  and
A , =  ( - ■)
G, =  f   X J
’ l 8  b’- 2 b \
and and a r e  g i v e n  by  e q u a t i o n s  A2o24 and A2,
I S  6
( î i i )  FORMULATION OP THE STRESS FUNCTION F FOR THE 
ELASTICALLY BUILT-IN-PREE PLATE»
L e t  t h e  s t r e s s  f u n c t i o n  b e :
A2.30
where A i s  a  c o n s t a n t  o
| ( x )  i s  a  f u n c t i o n  o f  x. o n l y  and i s  a  f u n c t i o n
o f  only©






A 2 .3 2
A2 3 3
Along w i t h  t h e  above  m e n t i o n e d  b o u n d a r y  c o n d i t i o n s  
one more c o n d i t i o n  r e q u i r e d  t o  be  s a t i s f i e d ,  i s  t h a t  
t h e  v a r i a b l e  p a r t  o f  0 ^ .  i © e © e x c l u d i n g  t h e
c o n s t a n t  p o r t i o n ,  a t  x . = . ^ s h o u l d  have  a  p a r a b o l i c  
d i s t r i b u t i o n  o f  t h e  forms
A 2 .5 4
where J  and  H a r e  c o n s t a n t s ©
C o n d i t i o n  A2o34 r e p r e s e n t s  a  p h y s i c a l l y  a d m i s s i b l e
form©
I t  c a n  be v e r i f i e d  t h a t  t h i s  c o n d i t i o n  t o g e t h e r
f S 7
w i t h  t h e  two c o n d i t i o n s  A I S Z  c a n n o t  a l l  be s a t i s f i e d  
s i m u l t a n e o u s ly ©  To p e r m i t  a  s o l u t i o n ,  i t  i s  assum ed  
t h a t  s t r e s s  i s  o f  r e l a t i v e l y  l i t t l e  s i g n i f i c a n c e  
and  h e n c e  t h e  c o n d i t i o n  A.F — o a t  t h e  e l a s t i c a l l y  
b u i l t - i n  edge  y  =  0  n e e d  n o t  be s a t i s f i e d ©
C o n d i t i o n  A2n31 g i v e s :
+  ^  X=r
E q u a t i n g  t h e  t e r m s  o f  t h e  same o r d e r  on b o t h  s i d e s :
a n a  = °  : --------------
C o n d i t i o n  A 23 2  g i v e s :
■3c*o I y » o  — 0
X B. a. I y — b
(&)
and  c o n d i t i o n  A2©34, e x c l u d i n g  t h e  c o n s t a n t  p o r t i o n  
f ro «
I f W  ■ 3 " ( ' ( ) U = v ^  -  -------------------------------- - M
I t  i s  c o n c l u d e d  f ro m  ( a )  ? C b)  ,  and  ( c  ) t h a t  
t h e  c o n d i t i o n s  r e d u c e  t o :
l f ( * ) X =rO X = C L
.J L
) X btOl x  =  OL =  0 - T O
=  0 .1st
) =  J, -  H,
where  J , and H, a r e  c o n s t a n t s  d i f f e r e n t  f ro m  J  and  H •
+  +  w h e r e
and a r e  c o n s t a n t ©
W orking  i n  e x a c t l y  t h e  same m ann e r  a s  i n  p a r t  
( l )  o f  A p p en d ix  2 the f o l l o w i n g  i s  o b t a i n e d :
=  ( #  " 4 )
Again l e t  ■3('j) =  C „ + S ^ 4 - ^ ^ £ ^ + ^ w h e r e
Co , C, jCj > ^ 3  and  C 4  a r e  c o n s t a n t s ©
C o n d i t i o n  H  g i v e s :




A 2 3 5
.A 2 3 6
At
+  3 C 3 -1- 4 c ; 4 . =  0
At ^  = -%r ■>
M . 3 7
A2.38
E q u i v a l e n c e  A 2 3 8  w i l l  o n l y  be s a t i s f i e d  i f
Crt = 0 A2 39
f O
Now d iv id in g  A 2 3 5  and A 2 3 6  by C^ . and tak in g
Li and ^ 9 . .  — , the f o l l o w i n g  i s  f o u n d
I 4 -  I— I 4 -  = .  O
4" 4- 2 L, =  0 -IZH
S o l v i n g  lEX and  Y l T  s i m u l t a n e o u s l y  f o r  L ,  and 
Lg. g i v e s :  L , , = - 2  and
=  - z  c   L
■)
Hence t h e  fo rm  o f  t h e  s t r e s s  f u n c t i o n  b eco m es :  
2_ . - %
w h e re  ^  i s  a n  unknow c o n s t a n t ©
( I v , )  Method Used To O b t a i n  The D e f l e c t i o n  F u n c t i o n  
F o r  The E l a s t i c a l l y  F i x e d  P l a t e :
The b o u n d a r y  c o n d i t i o n s  t o  be  s a t i s f i e d  by  t h e  






a t  X  =  0
and X = a
A2.40
A2o4-l
à ü L . ^ o  a t
3  4 ^ a 9 =  o J\2,42
%
+  v  k ± L . = 0  • at u =  b  :----------A 2 .4 3
^  2) x ‘
+ A - v ' ) - l H L  =  0 at ti = b --- A2.44
I t  i s  o b s e r v e d  t h a t  c o n d i t i o n s  A2«40 a r e  
c o m p l e t e l y  s a t i s f i e d ,  i f
Liy = oC Svrv Y 1
a  L. J
where  Y  i s  a  f u n c t i o n  o f  ^  o n l y  and  oC i s  a n  
a r b i t r a r y  c o n s t a n t ©
L e t  Y = A & M 1 Q b
b I
A t M.= o  5 ■WœO g i v e s  Y =  0
C f l = 0  --------------------------------------------------------------------------- A 2 . 4 S
Now
Y ' " =
b> b
At = - 0  c o n d i t i o n  A2.4-2 i s  e q u i v a l e n t  t o  




E v i d e n t l y ,  f o r  t h e  d e f l e c t i o n  f u n c t i o n  t o  be  
u s e f u l ,  C, m u s t  be  so  c h o s e n  t h a t  d o e s  n o t  t e n d  
t o  i n f i n i t y  when t e n d s  t o  i n f i n i t y ©  I t  c a n  e a s i l y
a  d i m e n s i o h l e s s  r a t i oIbe  v e r i f i e d  t h a t  i f :  =
( ^ L 4 - : 0  
i s  n o t  i n f i n i t e  whenthen-  ^ — .
Hence t h e  d e f l e c t i o n  fo rm  b e c o m e s :
AjO — SVAA., WsTI VCCL
[ a = ^
L  K3- t ?  2(feb+2^t> .
The c o n s t a n t s  A 2. and  6 2 . a r e  d e t e r m i n e d  f ro m  t h e  
c o n d i t i o n s  A2 ^ 4 5  a n d  A2 ) 4 4  
C o n d i t i o n  A2 4 3  g i v e s :
tZ A a  •+ G 6 = ,+  - l f e _  =  V
( ^ + 2 ) a ?
4- I
2  (jlsia + ^  C jtb 4- 2])
  ( a )
and c o n d i t i o n  A2  4 4  g i v e s :
2 4 A ^ a .  = \
- ( b )
-A2.47
E q u a t i o n s  ( a )  an d  ( h )  a r e  s i m p l e  a l g e b r a i c  e q u a t i o n s  
w h ich  c a n  be  s o l v e d  s i m u l t a n e o u s l y  f o r  Aj. a n d  » The
d e f l e c t i o n  fo rm  A2 = 4 7  i s  d e t e r m i n e d  a n d  s a t i s f i e s  a l l  t h e  
b o u n d a r y  c o n d i t i o n s ©
APPENDIX 3
E f f e c t  Of D e f l e c t i o n  Form On The 
C r i t i c a l  S t r e s s : -
The c r i t i c a l  s t r e s s e s  were  e v a l u a t e d  f o r  two 
c a s e s  v i z o  s i m p ly  s u p p o r t e d  and  b u i l t - i n  a l o n g  t h e  
u n l o a d e d  e d g e s ,  by s e l e c t i n g  d i f f e r e n t  d e f l e c t i o n  
f o r m s :
l o  F l a t  s q u a r e  p l a t e  s i m p ly  s u p p o r t e d  on  a l l  e d g e s  
and  u n i f o r m l y  c o m p r e s s e d  i n  one d i r e c t i o n :
The assum ed  d e f l e c t i o n  fo rm  i n  t h i s  c a s e  i s :
CK b
T h i s  d e f l e c t i o n  fo rm  s a t i s f i e s  a l l  o f  t h e  
f o l l o w i n g  b o u n d a r y  c o n d i t i o n s :
-tAT=r 0
V — =: 0
8,t "X. = 0 , O. Â Z M
V 0
The same s t r e s s  f u n c t i o n  i s  u s e d  a s  i n  e a s e  ( a )  
Page and t h e  G a l e r k i n ' s  E q u a t i o n s  2  01 a  and  2  02 a  
s o l v e d  f o r  FO and vn =.10 g i v i n g :
_  4 0 -0 4 1 D
compared t o
.  -  2 i i Ç L £ . a s  c a l c u l a t e d  b e f o r e
w i t h  Xjvr =  oC s ù a  A -)OL V z 4 b ^  iz t f -  3 4
2o R e c t a n g u l a r  P l a t e  U n i f o r m l y  c o m p r e s s e d  a l o n g  t h e  
s im p ly  s u p p o r t e d  e d g e s ,  b u i l t - i n  a l o n g  t h e  u n l o a d e d  
e d g e s :
The d e f l e c t i o n  fo rm  s e l e c t e d  i n  t h i s  c a s e  i s :
t i r  =  oC swv ( I c ûs l ZL^ )  
CL \  b / AS.20
I t  s a t i s f i e s  a l l  t h e  f o l l o w i n g  b o u n d a r y  c o n d i t i o n s :
L y - ^  o
O UT •y Ô i fS~
b f -
a t  -3C = 0 , a A3.2I
10- — 0
2)ur _
at u =  O , b A3.22
U s in g  t h e  same s t r e s s  f u n c t i o n  a s  i n  Case  (a) i n  t h e  
t e x t  and t a k i n g  0 / i  = 2 * 0  and  w  = 2 -0  t h e  s o l u t i o n  o f  
G a l e r k i n ' s  E q u a t i o n s  g i v e s *
/6Ÿ
as compared to
Nv . D_ obtained  by taking:
=  cÂ S u \ yv\71x
OL
. / J£L _  J i L + J£_'\
V 2 4 b ^  12 b’- 2 4 6 /
APPENDIX k o
TYPICAL EVALUATION OP THE SECTION RATIO 
H CORRESPONDING TO A GIVEN ELASTIC 
FIXITY FOR PLATE BUCKLING OF A BOX 
SECTIONo
The e q u a t i o n  d e f i n i n g  t h e  e l a s t i c  edge  f i x i t y  
r  p r o v i d e d  by  t h e  s u p p o r t i n g  p l a t e  com p on en t  t o  t h e  :
b u c k l i n g  p l a t e  co m p o nen t  o f  a  b o x  s e c t i o n  o b t a i n e d  
i n  S e c t i o n  k i s s
__ _________________ _________ A4.0Û
«Kl ( ,^ U 4-i^, Stv\(^cK^Hb|
w here
^  \  S=.







By t a k i n g  Vv\ = 10 and  s u b s t i t u t i n g  —
t h e  s m a l l e s t  v a l u e  o f   ^ bC, and  a r e  o b t a i n e d
D
as§!
o(i =  -j— / n ^  4- K,
b, V  a?- (A V
À = K
F o r  any  v a l u e  o f  /k b | t h e  r a t i o  a t  w h ic h
K  i s  a  minimum f o r  W\-=\*0 c a n  be  o b t a i n e d  f ro m  F igo  
CC6)j and  t h u s  t h e  c o r r e s p o n d i n g  v a l u e  o f  H c a n  be
o b t a i n e d  f rom  e q u a t i o n  A4.00 o To i l l u s t r a t e  t h i s  th e  
s o l u t i o n  f o r  A i b , ^ 2 » 0 i s  p r e s e n t e d  «
F o r  / ^ b i - 2 '0  j t h e  minimum v a l u e  o f  K = h5<>23 f o r
loO a t Vbi =
, 7 - 7 2  A
0-757bt b?
f  n'*- 7 7 2 A _  3 . 3 4  s-
0*757 b?- b.
I n s e r t i n g  t h e s e  v a l u e s  i n  e q u a t i o n
2  4 - ( ^ ' 3 4 5 / b , ^  ]  4 'UH 3 * 3 4 5  H______________________
Swv 3 .3+SH é-ll W -1^ + 3-345  €-11 H(l -Ciis3-34SH^
S o l v i n g  by  t r i a l  and e r r o r  t h i s  g i v e s  ( 4 = 0 *837 
The v a l u e s  o f  M o b t a i n e d  by  t h i s  method  a r e  shown
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APPENDIX 5 o 
MATERIAL GHARAGTERISTIGS OP MILD 
STEEL STRIPo
T e n s i l e  And C d m p r e s s io n  T e s t s o
A l l  t h e  p l a i n  c h a n n e l s ^  l i p p e d  an d  a n g l e  
s e c t i o n s  u s e d  i n  t h e  e x p e r i m e n t s  w e re  f o r m e d  by 
c o l d  p r e s s i n g  f ro m  m i l d  s t e e l  s t r i p o  P r e l i m i n a r y
t e n s i o n  t e s t s  on f l a t  s p e c i m e n s  c u t  f ro m  t h e  same 
s t r u c t u r a l  s e c t i o n  f ro m  d i f f e r e n t  p l a c e s  showed 
some v a r i a t i o n s  i n  t h e  t e n s i o n  y i e l d  s t r e s s e s  and  
v a l u e s  o f  Y oung’ s M o d u lu s û I t  was p l a n n e d  t o  c a r r y  
o u t  e x t e n s i v e  t e s t s  f o r  d e t e r m i n i n g  t h e  m a t e r i a l  
c h a r a c t e r i s t i c 8 g i n  t e n s i o n  and  c o m p r e s s i o n »
T e n s i l e  and G o m p r e s s io n  s p e c i m e n s  o f  t h e  
d i m e n s i o n s  shown i n  F i g o ( i a s )  w e re  c u t  a t  f i v e  t o  
s e v e n  d i f f e r e n t  p l a c e s  f r o m  l i p p e d ,  an d  p l a i n  
c h a n n e l s  and a n g l e  s e c t i o n s o  T e n s i l e  and  com­
p r e s s i o n  l o a d - s t r a i n  c u r v e s  P i g s o  (1 2 4  ) a n d ( | 2 S “) w ere  
d e t e r m i n e d  by t h e  u s e  o f  e l e c t r i c a l  r e s i s t a n c e  s t r a i n  
g a u g e s  w h ic h  w ere  u s e d  o n  b o t h  s i d e s  o f  t h e  s p e c i m e n  
an d  c o n n e c t e d  i n  s e r i e s  t o  t a k e  a c c o u n t  o f  an y  b e n d i n g  
moment e f f e c t s  t h a t  m ig h t  be  p r e s e n t  » F o r  com­
p r e s s i o n  t e s t s  s p e c i a l  g r i p s  w ere  made ( P i g o ( l %  )) « 
These  g r i p s  r e a l i s e d  b u i l t - i n  end  c o n d i t i o n s  f o r  t h e  
c o m p r e s s i o n  s p e c i m e n  so a s  t o  i n c r e a s e  t h e  b u c k l i n g  
l o a d  and  t h u s  make t h e  d e t e r m i n a t i o n  o f  t h e  y i e l d  
s t r e s s  i n  c o m p r e s s i o n  p o s s i b l e »
The v a r i a t i o n s  i n  M o d u lu s  o f  e l a s t i c i t y  E. and  
t h e  y i e l d  s t r e s s  a c r o s s  t h e  c r o s s - s e c t i o n  o f
(Xj^i &E ACROSS LIPPED CHANNEL
^ co«-«j4  O —<V*i ■
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l i p p e d  c h a n n e l  and a  p l a i n  c h a n n e l  a r e  i l l u s t r a t e d  i n  
P igo  ( | 2 7  ) and ¥ ±g o ( ] 2 .8  ) o r e s p e c t i v e l y  » , A ve rag e  v a l u e s
o f  E , CTyu^ and V f o r  v a r i o u s  s i z e s  o f  p l a i n ,  
l i p p e d  and a n g l e  s e c t i o n s  a r e  t a b u l a t e d  »
I t  m ig h t  be o f  i n t e r e s t  t o  n o t e  h e r e  t h a t  i t  was 
f o u n d  t h a t  t h e  s l o p e  o f  t h e  u n l o a d i n g  p o r t i o n  o f  t h e  
s t r e s s  c u r v e  was g r e a t e r  t h a n  t h a t  c o r r e s p o n d i n g  t o  t h e  
v a l u e  o f  Y oung’ s M o d u lu s ,  d e t e r m i n e d  f ro m  t h e  l o a d i n g  
p o r t i o n  o f  t h e  g raph *
R e s o n a n t  f r e q u e n c y  m ethod  was a l s o  u s e d  f o r  t h e  
d e t e r m i n a t i o n  o f  E  * The t h e o r e t i c a l  b a c k g r o u n d  and  
t h e  e x p e r i m e n t a l  d e t a i l s  w i t h  t h e  r e s u l t s  o f  t h e  
e x p e r i m e n t s  a r e  p r e s e n t e d  i n  t h e  f o l l o w i n g *
R e s o n a n t  F r e q u e n c y  Method o f  M easu rem en t  Of Modulus  
Of E l a s t i c i t y *
I t  i s  w e l l  known t h a t  a  r i s e  i n  dam ping  c a p a c i t y  
o f  a  v i b r a t i n g  sp e c im e n  ( t h e  m e a su re  o f  t h e  e n e r g y  
d i s s i p a t e d  p e r  c y c l e  o f  a l t e r n a t i n g  s t r e s s )  i s  
a s s o c i a t e d  w i t h  t h e  movement o f  d i s l o c a t i o n s ®  I t  i s  
a l s o  g e n e r a l l y  b e l i e v e d  t h a t  s t r e s s e s  i n  t h e  p u r e l y  
e l a s t i c  r e g i o n  i n  m e t a l s  p r o d u c e  no d i s l o c a t i o n  move­
ment  w h ic h  i s  a s s o c i a t e d  w i t h  p l a s t i c i t y *  ' T h e r e f o r e  
i n  t h e  d e t e r m i n a t i o n  o f  t h e  t r u e  m o d u lu s  o f  e l a s t i c i t y
I
o f  a  m a t e r i a l  i t  i s  n e c e s s a r y  t o  work  i n  a  r a n g e  where  
a  s m a l l  i n c r e a s e  i n  a p p l i e d  e n e r g y  o f  v i b r a t i o n  c a u s e s  
no i n c r e a s e  i n  t h e  dam ping  c a p a c i t y  and  c o n s e q u e n t l y  
no d i s l o c a t i o n  movement %
I n  t h e  n o r m a l  m e th o d s  o f  d e t e r m i n i n g  m o d u lu s  o f
E l a s t i c i t y  v e r y  l a r g e  s t r e s s e s  a r e  i n v o l v e d  w h ic h  may 
r e s u l t  i n  d i s l o c a t i o n  movement *
The t e c h n i q u e  d e s c r i b e d  b e lo w  p r o d u c e s  e x t r e m e l y  
s m a l l  s t r e s s e s  ( l e s s  t h a n  a b o u t  O'OIS T o n s / i n ^ )  i n  t h e  
m a t e r i a l  and s i n c e  i n  m i l d  s t e e l  t h e  d i s l o c a t i o n s  a r e  
e f f e c t i v e l y  p i n n e d ,  i t  c a n  be  assum ed t h a t  t h e  i n d u c e d  
v i b r a t i o n s  do n o t  p r o d u c e  a n y  d i s l o c a t i o n  movement 
and a r e  i n  t h e  r a n g e  o f  p u r e  e l a s t i c i t y *
T h e o r e t i c a l  B a ck g ro u n d s
I f  a  b a r  i s  c a u s e d  t o  v i b r a t e  a  c e r t a i n  
f r e q u e n c y  t e r m e d  t h e  r e s o n a n t  f r e q u e n c y  i s  f o u n d  a t  
w h ic h  t h e  b a r  a b s o r b s  t h e  minimum e n e r g y  o f  t h e  a p p l i e d  
v i b r a t i o n s *  T h i s  f r e q u e n c y  d e p e n d s  u p o n  t h e  s i z e , 
d e n s i t y  and  m o d u lu s  o f  e l a s t i c i t y  o f  t h e  b a r*
I n  a n  e x h a u s t i v e  m a t h e m a t i c a l  a n a l y s i s  o f  t h e  
s u b j e c t  Wood [5 ? ]  a s su m e s  t h a t  t h e  b a r  i s  u n i f o r m  i n  
x - s e c t i o n ,  i s  s u b j e c t e d  t o  n e i t h e r  t e n s i o n  n o r  com­
p r e s s i o n ,  t h e  a m p l i t u d e  o f  v i b r a t i o n  i s  so  s m a l l  t h a t  
r o t a r y  e f f e c t s  c a n  be n e g l e c t e d  and  t h e  r a d i u s  o f  
c u r v a t u r e  i s  s m a l l  e n o u g h  t o  be  r e p r e s e n t e d  by a  
s e c o n d  d i f f e r e n t i a l *
The f o r m u l a  d e v e l o p e d  f o r  t h e  r e s o n a n t  f r e q u e n c y  
o f  a  b a r  f r e e  a t  b o t h  e n d s  and  h a v i n g  one  p e ak  o f  
maximum a m p l i t u d e  a t  t h e  m i d p o i n t  i s ;
where  ^  f o r  a  r e c t a n g u l a r  b a r  o f  t h i c k n e s s  4\.15L
i n  t h e  v i b r a t i n g  p l a n e ,  l e n g t h  i  and  d e n s i t y  p  • 





F t o  .1
n o
w i t h  E  i n  dygies/em f o r  t h e  CogoSo sys tem *
T h i s  mode o f  v i b r a t i o n  h a s  two n o d e s  on  
e i t h e r  s i d e  o f  t h e  c e n t r e  o f  t h e  b a r  a t  a  d i s t a n c e  o f  
0 ^ %2A L  f rom  e a c h  end*
E x p e r i m e n t a l  D e t a i l s  an d  R e s u i t s s
The a p p a r a t u s  u s e d  i n  d e t e r m i n i n g  t h e  r e s o n a n t  
f r e q u e n c y  i s  e s s e n t i a l l y  t h a t  u s e d  by O’E ara^^ ^ -J  and  
s i m i l a r  t o  o n e s  d e s c r i b e d  i n  ^6jo
The v i b r a t i o n s  a r e  t r a n s m i t t e d  t o  t h e  b a r  by 
means o f  a  t h r e a d  c o n n e c t e d  t o  a  p i e z o - e l e c t r i c  
c r y s t a l ,  t h e  s i g n a l  t o  w h ic h  i s  s u p p l i e d  by a n  
o s c i l l a t o r *  The p i c k - u p  c r y s t a l  r e c e i v e s  t h e s e  
v i b r a t i o n s  f rom  t h e  t h r e a d  a t  t h e  o t h e r  node  p o i n t ,  
t h e  r e s u l t i n g  a l t e r n a t i n g  v o l t a g e  i s  s u p p l i e d  t o  a
f r e q u e n c y  a n a l y s e r  w hich  m e a s u r e s  t h e  f r e q u e n c y  o f
; .
v i b r a t i o n *
The a m p l i t u d e  o f  v i b r a t i o n  i s  i n c r e a s e d  by 
i n c r e a s i n g  t h e  power o u t p u t  o f  t h e  o s c i l l a t o r  ( f ro m  
0 t o  50 ^ c c iB e l s  )* M e t a l l i c  s c r e e n s  a r e  u s e d  t o  
p r e v e n t  f e e d  b a c k  f rom  t h e  c r y s t a l s  t o  t h e  w i r e s  f rom  
t h e  o s c i l l a t o r  and a n a l y s e r *
The b a r s  ( l e n g t h  s  lO o m s )  u s e d  were  o f  r e c t a n g u l a r  
X - s e c t i o n  w i t h  one d i m e n s i o n  t w i c e  t h e  o t h e r ;  t h e  
s m a l l e r  d i m e n s i o n  b e i n g  t h e  t h i c k n e s s  o f  t h e  l i p p e d  
c h a n n e l  f rom  w h ic h  t h e y  w e re  c u t*
The r e s o n a n t  f r e q u e n c y  was m e a s u re d  w i t h  t h e  b a r
r
( ’7 i
v i b r a t i n g  i n  f i r s t  one p l a n e ^ a n d  t h e  o t h e r ^ b e i n g  
r e f e r r e d  t o  a s  v e r t i c a l  and  h o r i z o n t a l  p o s i t i o n s  
r e s p e c t i v e l y o
The f i r s t  r u n  o f  t e s t s  c o n s i s t e d  i n  t h e  
d e t e r m i n a t i o n  o f  t h e  v a r i a t i o n  o f  M odu lus  o f  E l a s t i c i t y
a c r o s s  t h e  x - s e c t i o n  o f  a  c o l d  p r e s s e d  l i p p e d  c h a n n e l
^  i ,  -were
0  0 9 6 5  t h i c k o  The spec im enj^ou t  l e n g t h - w i s e  a t
f i v e  d i f f e r e n t  p o i n t s  ^ h o w n  ii% Figo(l%o))« The
r e s u l t s  a r e  t a b u l a t e d  be low s
B e n ^ t y  E i i w n
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t h e  c e n t r e  o f  t h e  web o f  l i p p e d  c h a n n e l s  o f  v a r i o u s  
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APPENDIX 6 0
MOIRE PRINGE METHOD FOR THE DETERMINATION OP 
DEFLECTED FORMS OF PLATE COMPONENTS OF STRUCTURAL 
SECTIONS LOADED IN AXIAL COMPRESSIONo
The d e t e r m i n a t i o n  o f  c o m p l e t e  d e f l e c t e d  s u r f a c e s  
o f  b u c k l e d  p l a t e  c o m p o n e n ts  o f  s t r u c t u r a l  s e c t i o n s  s u c h  
a s  p l a i n  and  l i p p e d  c h a n n e l s  by  means o f  l a r g e  n u m b ers  
o f  d i a l  g a u g e s  becom es  v e r y  aw kw ard .  T h e r e f o r e  a  
Moire  Method was d e v e l o p e d  f o r  t h i s  p u r p o s e .  The 
M oire  m ethod  w h i c h  d e t e r m i n e s  t h e  c h a n g e s  i n  s l o p e  o f  
a  l o a d e d  s p e c i m e n  h a s  p r e v i o u s l y  b e e n  a d o p t e d  [46  g 4 t 3  
t o  d e t e r m i n e  t h e  d i s t r i b u t i o n s  o f  moments  and  s u r f a c e  
s t r e s s e s  i n  s l a b s  u n d e r  l a t e r a l  l o a d s .  I n  t h i s  m ethod  
and  some o t h e r  e x i s t i n g  t e c h n i q u e s  f o r  s l o p e  and 
d e f l e c t i o n  m e a s u r e m e n t s  [ 4 8 , 4 9 > 5 0 , 51?52 j  m o d e l s  a r e  
u s e d  i n s t e a d  o f  t h e  o r i g i n a l  s p e c i m e n s .  I n  b u c k l i n g  
p r o b l e m s  t h e  m a t e r i a l  c h a r a c t e r i s t i c s  an d  t h e  i n i t i a l  
i m p e r f e c t i o n s  i n  t h e  m a n u f a c t u r e d  s p e c i m e n s  o f  
i m p o r t a n c e  and t h e r e f o r e  a t t e m p t  was made i n  t h e s e  
e x p e r i m e n t s  t o  u s e  t h e  a c t u a l  s t r u c t u r a l  s p e c i m e n s 0 
The B a s i c  I d e a  Of t h e  Method And t h e  T h e o r e t i c a l  
B a c k g r o u n d s
A m i r r o r  s u r f a c e d  s p e c im e n  i s  u s e d  t o  o b s e r v e  t h e  
r e f l e c t i o n  o f  a  r u l e d  s c r e e n  p l a c e d  i n  f r o n t  o f  t h e  
s p e c i m e n .  T h ese  o b s e r v a t i o n s  a r e  u s u a l l y  made by  means 
o f  a  p h o t o g r a p h i c  c a m e r a .  C o n s i d e r  t h e  image  S o f  a
20
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c e r t a i n  p o i n t  P o f  t h e  sp e c im e n  p l a t e  on t h e  g ro u n d  g l a s s  
s c r e e n  o f  t h e  c a m e ra ,  i t  c an  be  s e e n  t h a t  i n  t h e  p o i n t  S 
a  r e f l e c t e d  im age o f  t h e  p o i n t  Q on a  l i n e  o f  t h e  s c r e e n  
a p p e a r s o  I f  now t h e  sp e c im e n  i s  made t o  d e f l e c t ,  t h e
s lo p e  0  m akes t h e  r e f l e c t i o n  o f  a  p o i n t  R on  a n o t h e r  
l i n e  c o i n c i d e  w i t h  S on t h e  g ro u n d  g l a s s o  (Pigo(c3j))o 
C l e a r l y  t h e  d i s t a n c e  QR c a n  be u s e d  t o  d e te r m i n e  t h e  
s l o p e  6  o One o f  t h e  p r a c t i c a l  w ays o f  o b s e r v i n g  
QR and  t h u s  d e t e r m i n i n g  t h e  s l o p e  i s  by s u p e r - im p o s in g  
p h o to g r a p h s  o f  t h e  r e f l e c t e d  im a g e s  fro m  t h e  i n i t i a l l y  
f l a t  p l a t e  a n d  t h e  d e f l e c t e d  p l a t e o  The r u l i n g  o f  
t h e  s c r e e n  i s  c h o s e n  i n  s u c h  a  m anner t h a t  t h e  s u p e r ­
im p osed  p h o t o g r a p h s  -  i f  a t  a l l  d i f f e r e n t  -  e x h i b i t  
M o ire  f r i n g e s «
I f  l i n e s  on t h e  r u l e d  s c r e e n  p ro d u c e  r e f l e c t e d  
im a g e s ,  S]_, S2 , e t c o  on  th e  p h o to g ra p h ,  f ro m  t h e  
u n lo a d e d  sp e c im e n  and t h e  im a g e s  ? o , P i ,  P 2 9 P 3 9  etCo 
a f t e r  t h e  p l a t e  h a s  b e e n  d e f l e c t e d ,  t h e n  t h e  l i n e  
(See  PigoÇOÿ) j o i n i n g  a l l  t h e  p o i n t s  w h e re  Pq and  Sq 
P]_ and  S i ,  e tCo i n t e r s e c t  e a c h  o t h e r  i s  t h e  l o c u s  o f  
a l l  t h e  p o i n t s  w here  th e  d i s t a n c e  QR h a s  a  v a l u e  = 0*
A l i n e  f i  a d j a c e n t  t o  i s  t h e  l o c u s  o f  t h e  p o i n t s  
w h ere  Pq an d  S i  , P i  and  8 2  ©tco i n t e r s e c t «> B e tw een
and  f o  g QR d i f f e r s  e x a c t l y  by an  am ount d w here  d i s  
t h e  i n t e r v a l  on t h e  r u l e d  s c r e e n  ( t h e  l i n e s  on  t h e  s c r e e n  
a r e  made i  b l a c k  and i  w h i t e ) o  I n  t h i s  way i t  
becom es p o s s i b l e  t o  o b t a i n  M oire  f r i n g e s  w h ic h  may be 
i n t e r p r e t e d  a s  c o n t o u r  l i n e s  o f  QRo Now i t  r e m a in s  t o  
com pute  t h e  s l o p e  B f ro m  QRo F o r  a  f l a t  s c r e e n  ( See
f
/  7 6
t h e  r e l a t i o n  b e tw e e n  QR and  #  i s  fo u n d  t o  be
2.
o The s m a l l  te rm ; '^ / c ^  i s  a
o  ^
v a r i a b l e  f o r  v a r i o u s  p o i n t s  on th e  sp e c im e n  » T h is  
s u g g e s t s  a  c h o ic e  o f  t h e  sh a p e  o f  th e  s c r e e n  V i n  s u c h  
a  way t h a t  QR = »
To make Q R ^ ^ O  i t  i s  r e q u i r e d  t h a t  t h e  l e n g t h s  
o f  t h e  i n c i d e n t  r a y s  f ro m  t h e  s c r e e n  t o  an y  p o i n t  o f  
r e f l e c t i o n  on t h e  s p e c im e n  s h o u ld  be c o n s t a n t  and  e q u a l  
t o  -e o io e o  AA® = BB® = <  o Thus t h e  sh a p e  o f  th e  
s c r e e n  c a n  e i t h e r  be  o b t a i n e d  by  m eans o f  g r a p h i c a l  
c o n s t r u c t i o n  o r  f ro m  t h e  s o l u t i o n  o f  t h e  d i f f e r e n t i a l
e q u a t i o n s   Sl2^ -------------------- o b t a i n e d  by  s u c c e s s i v e
a p p r o x im a t  i o n s  o
A p p a r a tu s  And E x p e r i m e n t a l  T e c h n iq u e g
The s c r e e n  w as made o f  a  p h o t o g r a p h i c  f i l m  3 0 ”
X  3 6 ” w i t h  b l a c k  a n d  w h i t e  p a r a l l e l  l i n e s  e a c h  I/IO” 
t h i c k ;  g lu e d  on t o  a  t r a n s p a r e n t  p e r s p e x  s h e e t*  The 
b l a c k  l i n e s  on  t h e  f i l m  w ere  p h o t o g r a p h i c  s i l v e r  d e p o s i t  
and w ere p r a c t i c a l l y  opaque*  Two f o r m e r s  w ere  sc rew ed  
on t o  t h e  s c r e e n  t o  g i v e  t h e  r e q u i r e d  c y l i n d r i c a l  sh a p e  -  ^
and  t h e  w ho le  s c r e e n  m ounted  on a  wooden f ram e  so t h a t  
t h e  s c r e e n  c o u ld  be t u r n e d  a b o u t  i t s  a x i s  t o  o r i e n t  
t h e  l i n e s  upon  i t  i n  an y  d e s i r e d  d i r e c t i o n  (PigSoOs4Î)«
The l i n e s  a r e  of-= c o u r s e  p a r a l l e l  t o  t h e  a x i s  o f  t h e  
c y l i n d e r o  To t h e  back  o f  th e  s c r e e n  was a t t a c h e d  a  
s h e e t  o f  w h i t e  p a p e r  t o  d i f f u s e  t h e  l i g h t  s u p p l i e d  by  
f o u r  200 w a t t  lam p s  m ounted  b e h in d  t h e  s c r e e n *  A 
”L e i c a ” c am era  f o r  35 m*mo f i l m  w i t h  a  f  3 « 5 l e n s  was 
u sed*  A Kodak P a n c h r o m a t ic  f i l m  was u s e d  f o r  p h o t o g r a p h i n g
/ V/
The sp e c im e n  t e n d s  t o  make t h e  r e f l e c t e d  v i r t u a l  im age 
v e r y  i r r e g u l a r l y  a s t i g m a t i c  by i t s  c u r v a t u r e  and  t h e r e ­
f o r e  t h e  p h o to g r a p h s  w ere  t a k e n  w i t h  a  s m a l l  a p e r t u r e  
o f  l§ 1 2 o 5  and e x p o s u r e s  o f  5 o5 se c o n d s*  E n la r g e m e n t s  
o f  th e  p h o to g r a p h s  w ere  made on t r a n s l u c e n t  p a p e r  and  
t h e  p h o t o g r a p h s  s u p e r im p o s e d  and  p r i n t e d  f o r  a n a l y s i s *
The s p e c im e n s  had  t o  b e  p r e p a r e d  w i t h  e l a b o r a t e  
c a r e  * The s u r f a c e  was c a r e f u l ] ^  c l e a n e d  and  a f t e r  
a p p l y i n g  a  c e l l u l o s e  p r i m e r  s e v e r a l  c o a t s  o f  a  
m ix t u r e  (2 p a r t s  o f  b l a c k  c e l l u l o s e  p a i n t ;  12 p a r t s  o f  
f a s t  t h i n n e r s  and  1 p a r t  r e t a r d e r )  w ere  sp ra y e d *
A f t e r  t h e  p a i n t  had  d r i e d  t h e  s u r f a c e  was ’’p l a n e d ” 
by m eans o f  600 g r i t  w a t e r  p a p e r  u s e d  w i t h  so a p  and 
w a t e r  so t h a t  no ” o ra n g e  p e e l ” e f f e c t  was l e f t *  T h i s  
was t h e n  p o l i s h e d  w i t h  m e t a l  p o l i s h e s  ( B r a s s o  and  S i l v o  
i n  o r d e r )  a n d  w ax, p r o d u c i n g  a n  e x c e l l e n t  r e f l e c t i n g  
s u r f a c e  *
D e t e r m i n a t i o n  Of D e f l e c t i o n s  And B e n d in g  M om ents:
To e v a l u a t e  d e f l e c t i o n s  f ro m  t h e  s l o p e  c o n t o u r s  
i t  i s  r e q u i r e d  t o  know t h e  a b s o l u t e  v a l u e  o f  t h e  c o n to u r s *  
T h is  c o u ld  be  a c h i e v e d  by  n u m b e r in g  th e  l i n e s  o n  t h e  
s c r e e n  and i n  f a c t  t h i s  was done  by m a rk in g  on  th e  
c e n t r e  l i n e  o f  t h e  s c r e e n ,  n o rm a l  t o  t h e  r u l e d  l i n e s  
o n  i t p  a  s e r i e s  o f  r e f e r e n c e  d o t s  a t  an  i n t e r v a l  o f  
e v e r y  t e n  l i n e s  (See  Pig*(l3^)) * I n  t h i s  way th e  
z e r o  c o n t o u r  was d e te r m in e d  and  h e n c e  t h e  v a l u e  o f  a l l  
t h e  c o n t o u r s  o b t a i n e d *  An i n d i c a t i o n  o f  t h e  d e f l e c t e d  
fo rm  a t  a  c o n v e n i e n t  p l a c e  ( p r e f e r a b l y  n e a r  t h e  e d g e s )
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on t h e  sp e c im e n  was t h e n  a s c e r t a i n e d  f ro m  th e  
s e p a r a t e  p h o to g r a p h s  hy o b s e r v i n g  t h e  s p r e a d  o r  c o n ­
t r a c t i o n  o f  t h e  l i n e s  ( i f  t h e  l i n e s  h a v e  s p r e a d  a f t e r  
t h e  a p p l i c a t i o n  o f  l o a d  t h e n  th e  s p e c im e n  h a s  d e f l e c t e d  
c o n c a v e  away f ro m  t h e  s c r e e n ) o  Thus k now ing  t h e  
d e f l e c t e d  fo rm  a t  a  c e r t a i n  p l a c e  t h e  s l o p e  d i s t r i b u t i o n  
c u rv e  was c o n s t r u c t e d , and  t h e  s i g n s  o f  t h e  s l o p e  
c o n t o u r s  a b o u t  t h e  z e r o  c o n to u r p  e s t a b l i s h e d  to  g i v e  
t h e  r e q u i r e d  d e f l e c t i o n  fo rm  on g r a p h i c a l  i n t e g r a t i o n  
o f  t h i s  c u rv e o  T hese  d e f l e c t i o n s  w ere  t h e n  u s e d  t o  
e v a l u a t e  c r i t i c a l  l o a d s  i n  th e  m anner d e s c r i b e d  i n  
S e c t i o n  5o The p l o t t i n g  o f  th e  s lo p e  d i s t r i b u t i o n  
c u r v e s  a n d  th e  g r a p h i c a l  m e th o d  o f  i n t e g r a t i o n  i s  
i l l u s t r a t e d  i n  Pigo](|S^o The c o r r e s p o n d i n g  f r i n g e  
p a t t e r n  and c o n t o u r  l i n e s  a r e  shown i n  î'igo{(^G)*
E x p e r i m e n t a l  R é s u l t é s
R e s u l t s  o b t a i n e d  by  m eans o f  t h e  m ethod  d e s ­
c r i b e d  above  f o r  u n i f o r m l y  c o m p re s se d  p l a t e  com­
p o n e n t s  o f  p l a i n  and l i p p e d  c h a n n e l s  a r e  shown i n  
P igSo(i3 nf)to((S‘^ ' ) in c lu s iv e  o The g r a p h s  o f  maximum 
d e f l e c t i o n  a s  a  f u n c t i o n  o f  t h e  l o a d  f o r  t h e  b u c k l i n g  
p l a t e  c o m p o n e n ts  a r e  shown i n  F ig s (U 7 j lZ o )©
182 -^ 60
APPENDIX 7
TABLES OF CRITICAL STRESS. MAXIMUM STRESS AND YIELD STRESS FOR 
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Ctî
MALYTICAL AND EXHSRIIMTAL INVESTIGATimS 
OF THI, COLLAPSE LOAD CH \E/\CTERISTICS OF 
TMIU WALLED STRUCTURAL FCEig TMIER 
CCMHmSSIVE LOAD ACTIŒS
by
I f t i k h a r u l  Haq Q u re sh i ,
B .S c , , (M e d i .E n g .)  P h . ,  A .R .C .S .T .,
The adven t o f  t h i n  v a i l e d  s t r u c t i i r a l  com pression  menbers 
h i g h - l i g h t e d  t h e  r e s e r v o i r  o f  s t r e n g t h  w h id i  e x i s t s  b ^ o n d  t h e  . 
i n i t i a t i o n  o f  a  s t a t e  o f  e l a s t i c  i n s t a b i l i t y  i n  t h i n  f l a t  
r e c t a n g u l a r  p l a t e s  lo a d e d  i n  l e n g th w is e  com pression . The 
e v a lu a t io n  o f  t h i s  p o s t - c r i t i c a l  s t r e n g th  g e n e r a l l y  c a l l e d   ^
•maximum* s t r e n g th  h a s  been  a t te m p te d  on a  v a r i e t y  o f  sem i-  
e m p ir ic a l  b a s e s  and i n  a  few c a se s  on p u re ly  t h e o r e t i c a l  grounds# 
The t h e s i s  p r e s e n t s  a  t h e o r e t i c a l  t r e a tm e n t  f o r  f l a t  p l a t e s ,  
developed  by th o  a u th o r ,  u s in g  t h e  c o n c e p ts  o f  t h e  c l a s s i c a l  l a r g e  
d e f l e c t i o n  th e o ry  o f  p l a t e s  and t h e  d e fo rm a tio n  th e o iy  o f  
p l a s t i c i t y ,  A v a r i e t y  o f  un loaded  edge c o n d i t io n s  ra n g in g  from  
f r e e  th ro u g h  e l a s t i c a l l y  f i x e d  t o  b u i l t - i n  c o n d i t io n s  and t h e i r  
sym m etrica l  and unsym m etr lca l  com bina tions  a r e  c o n s id e re d .
T h is  t h e o iy ,  deve loped  f o r  s i n g l e  p l a t e s  i s  th e n  a p p l i e d  by t h e  
i n t r o d u c t i o n  o f  a p p r o p r i a t e  a ssu m ptio ns  t o  t h e  a sse ssm en t o f  t h e  
raaximuun s t r e n g t h  o f  s t r u c t u r a l  s e c t i o n s  re g a rd e d  a s  an  a s se n b ly  
o f  such p la te s *  C om putations conn ec ted  w i th  t h e  t h e o iy  were 
programmed and c a r r i e d  o u t  by t h e  a u th o r  on a  'DEUCE* d i g i t a l  
computer.
To check t h e  r e s u l t s  o f  th e  th e o iy  an  e x te n s iv e  ex p er im e n ta l  
programme cov erin g  t h e  measurements o f  s t r a i n s  and d e fo rm a tio n s  
co rre sp o n d in g  t o  t h e  i n i t i a t i o n  o f  i n s t a b i l i t y  and p ro g re s s  t o  
c o l l a p s e  was c a r r i e d  o u t .  I n  c o n n e c t io n  \ d t h  t h e  e x p e r im e n ta l  
programme an o r i g i n a l  a p p l i c a t i o n  o f  t h e  M oire f r i n g e  te c h n iq u e  
was developed  by t h e  a u th o r  f o r  t h e  d e te r m in a t io n  o f  d e f l e c t i o n  
v a r i a t i o n s .
Fo llow ing  an in t r o d u c to r y  re v ie w  o f  t h e  r e l e v a n t  p u b l is h e d  
l i t e r a t u r e ,  t h e  s u b je c t  m a t te r  o f  t h e  t h e s i s  i s  d iv id e d  i n t o  s ix  
S e c t io n s ,
S e c t io n  1 p r e s e n t s  t h e  d e r i v a t i o n  o f  th o  b a s i c  l a r g o  
d e f l e c t i o n  e q u a t io n s  by m in im iz a t io n  o f  t h e  energy i n t e g r a l  
e f f e c t e d  by tlio  u s e  o f  E u le r ’ s  e q u a t io n s ,  and a  p ro c e d u re  f o r  
t h e  app rox im ate  s o l u t i o n  o f  t h e  l a r g e  d e f l e c t i o n  e q u a t io n s  by 
Galerkin* s method. T h is  energy a p p ro a d i  t o  t h o  problem
c o n s id e re d ,  and t h e  g e i e r a l i s a t i o n  o f  E u le r ’ s e q u a t io n s  f o r  two 
v a r i a b l e s  w i th  h ig h e r  d e r i v a t i v e s  p u t  fo rw ard  in  t l i i a  t h e s i s  i s ,  
t o  t h e  author* s  loiowledge, o r i g i n a l .
In Section 2 the approxinate so lu tio n s  o f  the la rg e  d eflec tio n  
eqpiations and th e  r e su lts  o f  e la s t ic  c r i t ic a l  loads obtained thereby 
fo r  two general cases o f  p la te s  arc presented. These are then 
compared with other ava ilab le  published r e su lts  obtained by 
c la s s ic a l  m ethods. The com parisons show axcoLlont agreement.
Section  1 presents an a n a ly tica l method fo r  the maximum load  
carried by compressed p la te s , based on th e ap p lication  o f  the  
deformation theo iy  of p la s t ic it y  to  the p la tes  analysed by means 
o f the large  d e flec tio n  concept. The ap p lication  o f t î i i s  method 
o f  an a lysis to  the evaluation o f  tîie maximum load  for  p la te s  with  
fr e e  anchor e la s t ic a l ly  supported unloaded edges i s  to  the author’ s 
knowledge presented here for  the f i r s t  time.
In Section  L th e r e su lts  obtained fo r  s in g le  p la te s  have 
been applied to  evaluate the lo c a l  in s ta b il i ty  and maximum stre sse s  
fo r  box sectio n s , lip p ed  channels and p la in  channels.
The experimental work performed i s  presented in  Section  5.
This covers t e s t s  in  uniform compression of p la in  and lipped  
diannel, square tube and equal angle sec tio n s. In addition  to  
th e  r e s u lts  o f  the actual t e s t s ,  the various auxiliai^^ tecliniques 
such as an o r ig in a l ap p lication  o f the 14oire fr in g e  method are 
f u l ly  described#
The mechanical properties in c lu s iv e  o f  t e n s i le  and compressive 
y ie ld , Young’ s 2'^odulus E at zero and vaiy ing mean s tr e s s , have been 
evaluated fo r  a l l  th e  specimens used and are presented in  f i l l .
Section  6 contains the comparison o f the th e o r e tic a l and 
experimental r e su lts  with a relevant c r i t ic a l  discussion*
The main tex t  concludes with a Siinmar^  ^ in d icating  that 
generally  good agrcenent has been obtained between the theory 
and the eaqperiments, estab lisliin g  th e  former as a ra tio n a l and 
r e lia b le  an alysis fo r  th e maximum strength in  compression o f  
s in g le -p la te s  and stru ctu ra l sec tio n s .
This i s  follow ed by s ix  Appendices and an extensive  
Bibliography* The Appaidices contain those d e ta ils  o f  the  
th e o re tic a l and eiipsrimental in v estig a tio n s which havo been 
considered too bulky fo r  in c lu sio n  in  the main tact*
